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ii
T h is  th e s i s  d e s c r ib e s  o r ig in a l  w o rk  c a r r i e d  out by  th e  
c a n d id a te  at the  A u s t r a l ia n  N a tio n a l U n iv e rs i ty  d u r in g  a p e r io d  
of n in e  t e r m s  f ro m  M a rc h , 195 9 to  M arch , 1962, S om e of th e  
w ork  w as c a r r i e d  out in  c o n ju n c tio n  w ith  o th e r s  a s  i s  show n 
below :
C h a p te r  I i s  a  re v ie w  of p u b lish e d  m a te r ia l .  T he 
n u m e r ic a l  c a lc u la tio n s  in  s e c t io n s  3 and 5 w e re  p e r fo rm e d  by 
th e  c a n d id a te ; o th e r  w o rk  done by  th e  c an d id a te  and m e n tio n e d  
in  th is  c h a p te r  i s  c o n s id e re d  in  d e ta i l  in  c h a p te r s  II and  III; 
s e c tio n  4 (ii) is  a c r i t i c a l  re v ie w  by th e  c a n d id a te  of th e  w o rk  of 
S ak am o to .
C h a p te r  II g iv es  th e  th e o ry  of in e la s t ic  n u c leo n  s c a t te r in g  
e x p e r im e n ts .  T h is  h a s  b e e n  ad ap ted  by  th e  c a n d id a te  f r o m  p u b ­
lis h e d  m a te r ia l  to  s u it  th e  p a r t i c u la r  c a s e  c o n s id e re d .
T he c a lc u la tio n  in  C h a p te r  III s e c t io n  2 w as c a r r i e d  out 
in  c o n ju n c tio n  w ith  B .A . R obson  who w ro te  th e  c o m p u te r  p r o g r a m  
u se d  in  p a r t  of th e  c a lc u la t io n ,  o th e rw is e  e ac h  of u s  c a r r i e d  out 
th e  w hole c a lc u la tio n  s e p a r a te ly .  O th e r  c a lc u la t io n s  r e p o r te d  in  
th is  c h a p te r  w e re  p e r fo rm e d  by th e  c a n d id a te .
C h a p te r  IV g iv e s  a  d e r iv a t io n  of a fo rm u la  fo r  th e  a n g u la r  
d is t r ib u t io n  of g a m m a - ra y s  f ro m  a n u c le o n -g a m m a  r e a c t io n .  T he
i i i
f o r m u la  f o r  th e  r e s o n a n t  p r o c e s s  has  b e e n  m o d if ied  s l ig h t ly  
f r o m  th a t  g iven  by  D evons and G old farb  (De 57), so  th a t  it  cou ld  
be  g e n e r a l iz e d  to  give th e  fo rm u la e  fo r  th e  d i r e c t  p r o c e s s  and  
th e  i n t e r f e r e n c e  b e tw ee n  th e  r e s o n a n t  and d i r e c t  p r o c e s s e s .
T h is  m o d if ic a t io n  and g e n e r a l iz a t io n  a r e  th e  w o rk  of th e  c a n d id a te .  
The ou tl in e  of th e  m e c h a n is m  fo r  the  d i r e c t  p r o c e s s  w as  g iven  
b y F . C .  B a r k e r .
C h a p te r  V g ives  th e  r e s u l t s  of th e  w o rk  done by  the  
can d id a te  in  f i t t in g  th e  f o r m u la  d e r iv e d  in  c h a p te r  IV to  th e  
p u b l ish e d  e x p e r im e n ta l  r e s u l t s  fo r  a p a r t i c u l a r  r e a c t i o n  t o g e th e r  
w ith  so m e  d is c u s s io n  of the  r e l ia b i l i ty  of c u r r e n t  e x p e r im e n ta l  
d a ta  r e l a t e d  to  th i s  r e a c t io n .
R e f e r e n c e s  a r e  g iven  to  e x p e r im e n ta l  d a ta ,  and th e o r e t i c a l  
m a t e r i a l  w h ich  is  not th e  w o rk  of the  c a n d id a te .
£ ■'^n.cxc^ßyz^. .
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A CKN O W LED GEM EN TS
I w ish  to  th a n k  m y s u p e r v i s o r  D r .  F . C .  B a r k e r ,  who 
s u g g e s te d  so m e  of th e  p r o b le m s  c o n s id e re d  in  th i s  t h e s i s ,  c o n ­
s t r u c t iv e ly  c r i t i c i z e d  m y  a t te m p ts  a t s o lu t io n ,  c h e c k e d  f o r m u la e ,  
p ro v id e d  adv ice  and e n c o u r a g e m e n t ,  and f in a l ly  r e a d  and  c r i t i c i z e d  
th e  d ra f t  of th i s  t h e s i s .
A ls o ,  I w ish  to  th a n k  P r o f e s s o r  K. J .  L e  C o u te u r  f o r  h is  
e n c o u ra g e m e n t  and i n t e r e s t  in  th i s  w o rk ,  D r .  D .C .  P e a s l e e  fo r  
h is  h e lp fu l  c r i t i c i s m s  and s u g g e s t io n s ,  D r .  B .A .  R o b so n  fo r  h is  
w il l in g  c o - o p e r a t io n  w ith  a  leng thy  c a lc u la t io n ,  and M rs .  B. N e rd a l  
fo r  o c c a s io n a l  a s s i s t a n c e  w ith  c a lc u la t io n s .
The L i b r a r y  of th e  A u s t r a l i a n  N a t io n a l  U n iv e r s i ty  p ro v id e d  
in v a lu a b le  in fo r m a t io n  d u r in g  m y c o u r s e  of s tu d y  and I g ra te fu l ly  
acknow ledge  th e  p le a s a n t  and e ff ic ien t  h e lp  of th e  L i b r a r y  Staff.
I a m  g r e a t ly  in d eb ted  to  M iss  M. M ack ie  f o r  p a t ie n t ly  
ty p in g  th i s  t h e s i s .
I a m  in d e b te d  to  th e  A u s t r a l i a n  N a t io n a l  U n iv e r s i ty  and 
th e  C o m m o n w e a lth  G o v e rn m e n t ,  f o r  th e  a w a rd  of a C o m m o n w e a lth  
P o s t  G ra d u a te  S c h o la r s h ip  w hich  en ab le d  m e  to  c a r r y  out th is
w ork .
VSUMMARY
T h is  th e s i s  i s  e s s e n t ia l ly  in  tw o  p a r t s ,  one d e a lin g  w ith
12th e  e x c ita tio n  of th e  9 .6 3  MeV s ta te  in  C by  th e  in e la s t ic  s c a t te r in g  
12 12*of p ro to n s ,  C (p ,p ')C  , and th e  o th e r  w ith  th e  c a p tu re  of p ro to n s
7 8 7 8by L i le ad in g  to  th e  Be g round  s t a t e ,  L i (p , y  )Be . O th e r
r e la te d  re a c t io n s  a r e  c o n s id e re d  b r ie f ly .  Tw o d if fe re n t  ty p e s  of
th e o r e t ic a l  d e r iv a t io n  a r e  u se d : th e  d if f e r e n t ia l  c r o s s  s e c tio n  fo r
12th e  in e la s t ic  s c a t te r in g  of p ro to n s  by C is  c a lc u la te d  u s in g  th e  
w ave fu n c tio n  fo rm a lis m ; th e  a n g u la r  d is tr ib u tio n  of g a m m a - ra y s  
f ro m  th e  re a c t io n  L i^ (p ,Y  )Be^ i s  c a lc u la te d  u s in g  s t a t i s t i c a l  and 
e ffic ie n cy  t e n s o r s .
12T he a n a ly s is  of th e  in e la s t ic  p ro to n  s c a t te r in g  by  C i s
u se d  in  co n ju n c tio n  w ith  o th e r  d a ta  to  a s s ig n  a sp in  3 and n e g a tiv e
12p a r i ty  to  th e  9. 63 MeV s ta te  in  C r a th e r  th a n  sp in  1 a s  p re v io u s ly
su p p o se d . C h a p te r  I g iv e s  a s u m m a ry  of d a ta  r e la te d  to  th e  9 .6 3
MeV s ta te  and in c lu d e s  s tr ip p in g  r e a c t io n s ,  in e la s t ic  e le c t ro n
s c a t te r in g ,  in e la s t ic  p ro to n  s c a t te r in g  and in e la s t ic  a lp h a - p a r t ic le
s c a t te r in g  to  th is  s t a t e ,  a s  w e ll a s  th e  r e s u l t s  of a  th e o r e t ic a l
c a lc u la t io n  fo r  e x c ita tio n  e n e rg ie s  of th e  lo w e st 1” and  3 ” s ta te s  
12in  C and th e  r e s u l t s  of g a m m a -a lp h a  c o r r e la t io n  e x p e r im e n ts  
in v o lv in g  th is  s ta te .
F o rm u la e  fo r  th e  d if f e r e n tia l  c r o s s  s e c t io n  fo r  th e  in e la s t ic
vi
s c a t t e r i n g  of n u c leo n s  a r e  d e r iv e d  in  c h a p te r  II. T h e s e  fo r m u la e  
a r e  of v a ry in g  d e g r e e s  of c o m p le x i ty .  F o r  th e  in e la s t ic  s c a t t e r i n g  
of a  n u c leo n  by a n u c le u s  c o n ta in in g  A n u c le o n s ,  it  i s  a s s u m e d  
th a t  th e  n u c leu s  c o n s i s t s  of a  " c o r e "  of A - l  n u c leo n s  p lu s  a 
n u c le o n  j3 . In th e  r e a c t i o n  th e  n u c le u s  is  e x c i ted  f r o m  a s t a t e  (JT )  
of t o t a l  a n g u la r  m o m e n tu m  J  and i s o b a r i c  sp in  T to  a  s t a t e  ( J ' T 1).
T h is  e x c i ta t io n  i s  a s s u m e d  to  ta k e  p la c e  a s  th e  r e s u l t  of r a i s i n g  
n u c leo n  f r o m  th e  TlJi s h e l l  to  th e  em p ty  71' s h e l l  by m e a n s  
of a  d i r e c t  i n t e r a c t i o n  w ith  nu c leo n  . T he  i n e la s t i c  d i f f e r e n t i a l  
c r o s s  s e c t io n  i s  c a lc u la te d  in  f i r s t  o r d e r  p e r tu r b a t io n  t h e o r y  in  
w hich  the  i n t e r a c t i o n  b e tw e e n  n u c leo n s  (3 and is  r e g a r d e d  a s  a  
p e r tu r b a t io n  on th e  n u c le o n - n u c le u s  in te r a c t io n  w hich  le a d s  to  
e l a s t i c  s c a t te r in g ;  th e  c r o s s  s e c t io n  i s  e s s e n t i a l ly  p r o p o r t io n a l  
to  th e  s q u a r e  of th e  m a t r i x  e le m e n t  fo r  th e  t r a n s i t i o n  due to  th e  
in t e r a c t i o n  b e tw e e n  n u c leo n s  |3 and . To  s e le c t  p in  a  n o n -  
p r e f e r e n t i a l  m a n n e r ,  th e  w ave fu n c tio n s  f o r  th e  n u c le u s  a r e  ex p an d ed  
in  t e r m s  of th e  c o r e  w ave fu n c tio n s  and th e  w ave fu n c t io n s  f o r  n u c leo n  (3 
u s in g  th e  m e th o d  of f r a c t io n a l  p a r e n ta g e .  In  th e  s im p le s t  c a s e s ,  the  
w ave fu n c t io n s  fo r  n u c leo n  ©<; a r e  p lan e  w a v e s .  In d i s to r t e d  w ave 
t r e a t m e n t s ,  th e  w ave fu n c t io n s  f o r  n u c leo n  a r e  d i s to r t e d  by  th e  
n u c le u s  a s  a whole; th e  d i s to r t in g  p o te n t ia l  i s  ta k e n  a s  e i t h e r  sp in  
dep en d en t o r  sp in  in d e p en d e n t .  T h e  i n t e r a c t i o n  b e tw e e n  n u c le o n s  ß
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and i s  ta k e n  a s  a  d e l ta  fu n c t io n ,  e i th e r  a c t in g  th ro u g h o u t  th e  
v o lu m e  of th e  n u c le u s  o r  only  at th e  s u r f a c e .  C oulom b e f fe c t s  a r e  
n e g le c te d .
In c h a p te r  III th e  v a r io u s  t h e o r e t i c a l  fo r m u la e  a r e  c o m p a r e d
w ith  e x p e r im e n ta l  r e s u l t s  fo r  in e la s t i c  p ro to n  s c a t t e r i n g  to  th e
129 .6 3  MeV s ta t e  in  C . If a  sp in  d ep en d en t d i s to r t e d  w ave th e o r y
12i s  u s e d  and a sp in  3 i s  a s s u m e d  f o r  the  9. 63 MeV s ta t e  in  C , th e n  
th e  d i f f e r e n t ia l  c r o s s  s e c t io n  ob ta in ed  a g r e e s  w ith  th e  e x p e r im e n ta l  
v a lu e  b e t t e r  th a n  if  a  sp in  1 i s  a s s u m e d ,  and th e  s t r e n g th  of th e  d i r e c t  
in t e r a c t io n  b e tw e e n  n u c leo n s  p and i s  of th e  s a m e  o r d e r  a s  th e  
s t r e n g th  of th e  tw o body  in t e r a c t i o n  r e q u i r e d  to  fit  n u c le o n -n u c le o n  
s c a t t e r in g .  T he d i r e c t  s u r f a c e  in t e r a c t i o n  th e o r y  g ives  a  b e t t e r  fit 
f o r  s p in  3 e s p e c ia l l y  at b a c k w a rd  a n g le s  and i t  i s  show n  how th i s  
th e o r y  e f fe c t iv e ly  in c lu d e s  so m e  e f fe c ts  of d i s to r t io n .  W hen a 
v o lu m e  in te r a c t io n  and  a s im p le  m e th o d  of a llow ing  fo r  d i s to r t i o n  
a r e  u s e d ,  it  i s  p o s s ib le  to  o b ta in  qu ite  good f i t s  to  the  e x p e r im e n t a l  
p o in ts .  Som e te n ta t iv e  c o n c lu s io n s  a r e  r e a c h e d  about th e  r e a c t i o n  
m e c h a n is m .
In c h a p te r  IV a  f o r m u la  fo r  th e  a n g u la r  d i s t r ib u t io n  of 
g a m m a - r a y s  fo llow ing  n u c le o n  b o m b a rd m e n t  of a  n u c le u s  i s  d e r iv e d  
u s in g  s t a t i s t i c a l  and  e f f ic ie n c y  t e n s o r s  which d e s c r ib e  th e  p ro d u c t io n  
and d e te c t io n  s y s t e m s  of th e  r e a c t io n ,  and a n g u la r  m o m e n tu m
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cou p lin g  te c h n iq u e s .  E s s e n t i a l ly  a  n u c le o n - g a m m a  r e a c t i o n  m ay  
be  d e s c r ib e d  as  fo l lo w s:  an  in c o m in g  n u c leo n  of sp in  s and o r b i t a l  
a n g u la r  m o m e n tu m  £  r e a c t s  w ith  a  n u c leu s  of sp in  I ,  and  a g a m m a  
ra y  of m u l t ip o la r i ty  L  is  e m it te d  w ith  th e  f o r m a t io n  of a  n u c le a r  
s ta t e  of sp in  J .  T he  a n g u la r  d i s t r ib u t io n  of g a m m a - r a y s  m ay  th e n  
b e  w r i t t e n  down in  t e r m s  of a  s t a t i s t i c a l  t e n s o r  co n ta in in g  th e  
in fo r m a t io n  r e l a t e d  to  th e  f o r m a t io n  of th e  s ta t e  of sp in  J  and an 
e ff ic ie n cy  t e n s o r  w h ich  c o n ta in s  th e  in fo r m a t io n  about th e  d e te c t io n  
of t h i s  s t a t e .  A r e s o n a n t  p r o c e s s  and a d i r e c t  p r o c e s s  t o g e th e r  with 
t h e i r  i n t e r f e r e n c e  a r e  c o n s id e r e d .  T he  a n g u la r  d i s t r ib u t io n  h a s  
t h r e e  c o r r e s p o n d in g  t e r m s .  In  a l l  c a s e s  th e  n u c leo n  s p in  s and 
th e  n u c l e a r  sp in  I a r e  co m b in e d  to  give th e  c h an n e l  sp in  S. In  th e  
r e s o n a n t  p r o c e s s ,  th e  c h an n e l  sp in  S and th e  o r b i t a l  a n g u la r  m o m e n tu m  
a r e  c o m b in e d  to  give th e  s p in  J  of a  de f in i te  r e s o n a n t  s t a t e  f r o m  which 
a g a m m a - r a y  i s  e m i t te d  to  give th e  f in a l  n u c le a r  s ta t e  of sp in  J .
In th e  d i r e c t  p r o c e s s ,  a  g a m m a - r a y  i s  e m i t te d  by th e  n u c leo n  to  
change  i t s  o r b i t a l  a n g u la r  m o m e n tu m  f r o m  £  \ o  £  and £  i s  c o m b in ed  
w ith  th e  ch an n e l  s p in  to  give th e  f in a l  n u c le a r  s t a t e .  The  s t a t i s t i c a l  
t e n s o r  i s  b u i l t  up f r o m  th e  s t a t i s t i c a l  t e n s o r s  f o r  th e  sp in  of the  
in i t ia l  n u c l e u s , th e  s p in  and  o r b i t a l  a n g u la r  m o m e n tu m  of th e  
in c o m in g  n u c le o n ,  and th e  g a m m a - r a d i a t i o n ,  by c o u p lin g  th e  
a n g u la r  m o m e n ta  c o n c e rn e d  in  a  m a n n e r  w hich  is  s p e c if ie d  by  th e
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p r o c e s s  b e in g  c o n s id e r e d .  T he  e ff ic ie n cy  t e n s o r  i s  s im p ly  th a t  fo r
the  d e te c t io n  of a  n u c le a r  s t a t e .  It i s  p o s s ib le  to  c a lc u la te  any
p o la r i z a t io n  e f fe c ts  w hich  m ay  o c c u r ;  th o s e  due to  p o la r i z a t io n
of th e  in c o m in g  n u c leo n  a r e  c o n s id e r e d .
In c h a p te r  V , th e  f o r m u la  w hich  h a s  b e e n  d e r iv e d  f o r  the
a n g u la r  d i s t r ib u t io n  of g a m m a - r a y s  f r o m  a n u c le o n - g a m m a  r e a c t io n
7 8i s  ap p l ie d  to  th e  L i  (p, X )Be r e a c t io n  f o r  p r o to n  e n e r g ie s  up to  
about 1 M eV . R e s o n a n c e s  h av e  b e e n  o b s e r v e d  at p ro to n  e n e r g ie s  
of 441 keV  and 1030 keV . G a m m a - r a y s  have  b e e n  o b s e r v e d  c o r ­
r e s p o n d in g  to  t r a n s i t i o n s  to  th e  g round  s ta t e  and th e  f i r s t  e x c i ted
O
s ta te  of B e r e s p e c t iv e ly .  A bove th e  441 keV  r e s o n a n c e  th e  c r o s s  
s e c t io n  i s  l a r g e r  th a n  can  be  ex p la in ed  in  t e r m s  of n e ig h b o u r in g  
r e s o n a n c e s  and th e  w eak  1030 keV  re s o n a n c e  i s  s u p e r im p o s e d  on a 
s te a d i ly  r i s i n g  n o n - r e s o n a n t  b a c k g ro u n d .  E x p e r im e n ta l  r e s u l t s  
a r e  a v a i la b le  f o r  th e  a n g u la r  d i s t r ib u t io n  of th e  s e p a r a t e  g a m m a - 
r a y s  in  t h i s  r e a c t io n  and  a r e  u s e d  fo r  c o m p a r i s o n  w ith  th e  t h e o r e t i c a l  
f o r m u la .  C a lc u la t io n s  in d ic a te  th a t  th e  a n g u la r  d i s t r ib u t io n  of g a m m a -
o
r a y s  to  th e  g round  s ta t e  of B e c an  be  f i t ted  in  th e  r e g io n  of th e  441 
keV r e s o n a n c e  a s s u m in g  th e  s t a t e  h a s  sp in  and p a r i ty  J  = 1  and 
is  fo r m e d  by p -w a v e  p r o t o n s ,  th e  c h an n e l  sp in  r a t i o  i s  4 .5  *  1, 
m a g n e t ic  d ipo le  g a m m a - r a y s  a r e  e m i t te d ,  and  t h e r e  i s  a  b a c k g ro u n d  
w hich i s  th e  d i r e c t  t r a n s i t i o n  p r o c e s s  c a u s e d  by  s -  and d -w a v e  
p ro to n s .  T h e r e  i s  a l s o  i n t e r f e r e n c e  b e tw e e n  th e  r e s o n a n c e  and
Xth e  b a c k g ro u n d .  T h e  1030 keV  r e s o n a n c e  i s  a s s u m e d  to  have  sp in  
and  p a r i t y  J 11 = 1  and to  be  f o r m e d  by  p -w a v e  p r o to n s .  The tw o 
r e s o n a n c e s  p ro b a b ly  d i f f e r  in  i s o b a r i c  sp in .  P r e v io u s  e x p e r im e n ta l  
d a ta  fo r  th e  a n g u la r  d is t r ib u t io n  of th e  co m b in ed  g a m m a - r a y s  had  
in d ic a te d  th a t  th e  a n g u la r  d is t r ib u t io n  of g a m m a - r a y s  f r o m  th e  
1030 keV  r e s o n a n c e  a lone  i s  i s o t r o p i c ,  th a t  i s ,  th e  c h a n n e l  sp in  
r a t i o  i s  5. The p r e s e n t  a n a ly s i s  f a v o u rs  a  v a lu e  of 1 t  1 fo r  
th e  c h a n n e l  sp in  r a t i o  of th e  1030 keV  r e s o n a n c e .  U n fo r tu n a te ly  
t h e r e  is  not enough e x p e r im e n ta l  d a ta  above  1030 keV  to  be 
d e f in i te  on th i s  p o in t .  T he  fo r m u la e  f o r  th e  a n g u la r  d is t r ib u t io n
g
of g a m m a - r a y s  to  th e  e x c i te d  s ta t e  in  B e and  of th e  g a m m a - 
r a y  t o  th e  g round  s t a t e  a f t e r  b o m b a rd m e n t  w ith  p o la r iz e d  p ro to n s  
a r e  d e r iv e d  and s o m e  c o m m e n ts  m ad e  about th e  in fo r m a t io n  
w hich  cou ld  be  o b ta in ed  f r o m  th e s e  s o u r c e s .  I n e la s t i c  p ro to n
7
s c a t t e r i n g  by L i and  in v o lv in g  th e  1030 keV  r e s o n a n c e  i s  d i s ­
c u s s e d  b r i e f ly .
P u b l i c a t io n s
Som e of the  m a t e r i a l  g iven  in  c h a p te r s  I ,  II and  III h a s  
b e e n  p u b l ish e d  in  t h r e e  p a p e r s  w hich  w e re  w r i t t e n  in  co n ju n c t io n  
w ith  o t h e r s ,  th e s e  a r e :
xi
"T h e  9 .6 3  MeV S ta te  of C ^ . "  F . C .  B a r k e r ,  E .  B r a d f o r d  and 
L . J .  T a s s i e ,  N u c le a r  P h y s i c s , 19 (1960) 101.
" In e la s t ic  S c a t t e r in g  of 18. 9 MeV N u c leo n s  f r o m  th e  9 .6  MeV 
12S ta te  of C . "  E .  B r a d f o r d  and B .A .  R o b so n , P h y s i c a l  R ev iew  
L e t t e r s ,  6 (1961) 550, 711.
" D is to r te d  W ave A n a ly s is  of th e  I n e la s t i c  S c a t te r in g  of P r o to n s
12and th e  9 .6 3  MeV S ta te  of C . "  E .  B ra d fo rd  and B .A .  R o b so n ,  
N u c le a r  P h y s ic s  (in p r e s s ) .  J J  C I 9 6 Z ' )  l + J + l .
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C h a p te r  I
T H E  9. 63 MEV S T A T E  IN C 12
1. In t ro d u c t io n
A jz e n b e rg -S e lo v e  and L a u r i t s e n  (Aj 59) te n ta t iv e ly  a s s ig n
TTsp in ,  p a r i ty  and i s o b a r i c  sp in  v a lu e s  of J  = 1 , T = 0 to  th e  
9 .63  MeV s ta t e  in  C ^ .  It shou ld  b e  p re d o m in a n t ly  T  = 0 a s  th e  
f i r s t  T  = 1 s ta t e  in  is  ex p ec te d  at about 15 M eV. R ecen t  
d i s c u s s io n s ,  b o th  t h e o r e t i c a l  (Ba 60, B r  61, B r  61a) and e x p e r i ­
m e n ta l  (Ca 61, Hi 61), h av e  shown th a t  th is  s t a t e  h a s  sp in  3 and 
n e g a t iv e  p a r i ty .
T h is  s t a t e  h a s  b e e n  o b s e r v e d  (Do 56) to  d e ca y  by a lp h a  
e m is s io n  to  th e  B e g ro u n d  s ta t e  r e s t r i c t i n g  J  to  0 , 1  , 2  ,
3 , 4 ' , . . . ;  f r o m  th e  w idth  of th e  s t a t e  i t  i s  u n l ik e ly  th a t  J  >  4.
A s u m m a r y  of o th e r  d a ta  c o n c e rn in g  th i s  s ta t e  i s  g iven  
t o g e th e r  w ith  a  b r i e f  d i s c u s s io n  of th e  c o n c lu s io n s  w hich  m ay  b e  
d ra w n  about i t s  s p in  and p a r i ty .
2. S t r ip p in g  R e a c t io n s
T he  o r b i t a l  a n g u la r  m o m e n tu m  £  of th e  t r a n s f e r r e d  
p a r t i c l e  in  a s t r ip p in g  r e a c t io n  c a n  o ften  be  d e te r m in e d  f r o m  a 
s im p le  a n a ly s i s  (Ma 60) of th e  d a ta .  T h i s ,  t o g e th e r  w ith  th e  
known s p in s  and p a r i t i e s  of th e  b o m b a rd e d  n u c le u s  and  the  
t r a n s f e r r e d  p a r t i c l e  give th e  p a r i ty  and th e  p o s s ib le  sp in  v a lu e s  
of th e  n u c le a r  s t a t e  f o r m e d  in  the  r e a c t io n .  M a s l in  et a l (Ma 56)
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u s in g  9 MeV d e u te r o n s ,  and G ra u e  (G r 54) u s in g  0. 85 MeV
d e u te r o n s  o b s e r v e d  an /p  = 2 s t r ip p in g  p a t t e r n  fo r  th e  a n g u la r
d is t r ib u t io n  of n e u t ro n s  f r o m  th e  r e a c t i o n  B (d ,n )C  ' le ad in g
to  th e  9 .63  MeV s t a t e .  A ls o ,  in  a  r e c e n t  e x p e r im en t^ H in d s  and
M iddle ton  (Hi 61) o b s e r v e d  an  / p  = 2 s t r ip p in g  p a t t e r n  fo r  th e
11 3 i2 *a n g u la r  d i s t r ib u t io n  of d e u te r o n s  f r o m  th e  r e a c t i o n  B (He , d ) C L 
le ad in g  to  th i s  s t a t e ,  w ith  a  b o m b a rd in g  e n e rg y  of 9. 84 MeV.
T h u s  th e  v a lu e s  J ^ " = 0 ~ ,  1 ~ , 2 , 3 , o r  4 , m ay  be  
a s s ig n e d  to  th i s  s ta t e ;  w hen th e  d e ca y  by  a lp h a  e m is s io n  i s  t a k e n  
in to  acco u n t th e  p o s s ib i l i t i e s  = 1  o r  3 r e m a in .  H o w e v e r ,  
if  th e  sp in  of th i s  s t a t e  i s  1 th e  s e le c t io n  r u l e s  would p e r m i t  i t s  
fo r m a t io n  by an ^  = 0  t r a n s i t i o n  in  a  s t r ip p in g  r e a c t io n .  A s 
t h e r e  is  l i t t l e  ev id en c e  f o r  any ^ = 0 c o n tr ib u t io n  in  th e  d e u te ro n  
s t r ip p in g  e x p e r im e n t s  (G r 54, M a 56) and  no e v id en c e  fo r  any
= 0  c o n t r ib u t io n  in  H in d s  and M id d le to n 's  e x p e r im e n t  (Hi 61), 
= 3  is  fa v o u re d  fo r  th e  9 .6 3  MeV s ta t e  in  C ^ .
3. In e la s t i c  E l e c t r o n  S c a t te r in g
E x c i ta t io n  of th e  9. 63 MeV s ta t e  by  in e l a s t i c  s c a t t e r i n g  
of e l e c t r o n s  h a s  b e e n  o b s e r v e d  ( F r  55, F r  56). A r e - a n a l y s i s  
(Ba 60) of th e  d a ta  f a v o u rs  th e  3~ sp in  and p a r i t y  a s s ig n m e n t  
r a t h e r  th a n  th e  1 '  a s s ig n m e n t  of F e r r e l l  and V i s s c h e r  (Fe 56).
T h is  a n a ly s i s  i s  g iven  in  s o m e  d e ta i l  s in c e  s o m e  of th e  m a t e r i a l
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have  b e e n  c lo s e ly  f i t ted  u s in g  an  h a rm o n ic  o s c i l l a t o r  w ell in  a
w ell i s  a  = 1 .63  fm .  T he  s a m e  m o d e l  i s  u s e d  fo r  th e  1 o r  3
is  u s e d  l a t e r  (C h a p te r  III s e c t io n  2).
12T he d a ta  on th e  e la s t i c  s c a t t e r i n g  of e l e c t r o n s  by C
s h e l l  m o d e l  t r e a t m e n t  (Ho 57). T h e  len g th  p a r a m e t e r  of the
 
12e x c i te d  s ta t e  in  C
12In th e  L - S  co u p lin g  l im i t  th e  C g ro u n d  s t a t e  i s  
y o ( I s 4 l p 8 [ 4 4 ]  0 0 0 ,0 )  , (1)
w h e re  th e  n u m b e r s  fo llow ing  th e  c o n f ig u ra t io n  a r e  v a lu e s  of 
L/l] T S L , J .  T he  only 3 , T  = 0 s ta t e  w ith  one un it  of 
e x c i ta t io n  w hich  i s  co u p led  to  %fQ by  th e  E3 o p e r a t o r  i s
%  ^ ( ( l s h p 7 [ 4 3 ]  55 I , Id )  0 0 3 ,3 ) ,  (2)
w hile  t h e r e  a r e  t h r e e  1 s t a t e s  co u p led  by th e  E l  o p e r a t o r ,
K *  = V " ( ( l s 3 [ 3 ]  i i o . l p ?  [441] i | l ) 0 0 1 , l ) ,  (3a)
%> = ] / ( ( l s 4 l p 7 [43] H i , 2 s ) 0 0 1 , l ) ,  (3b)
%  = y < ( l s 4 l p 7 [43] H l , l d ) 0 0 1 , l ) .  (3c)
In B o rn  a p p ro x im a t io n  th e  d i f f e r e n t ia l  s c a t t e r i n g  
c r o s s  s e c t io n  f o r  e l e c t r o n s  m ay  be  w r i t t e n ,
* £  J * £ )  | F / 2
dSl [ d S l fpo in t I I *
w h e re  (dcr/dJT.) po in t i s  th e  d i f f e r e n t ia l  c r o s s  s e c t io n  f o r  th e  
s c a t t e r in g  of an  e l e c t r o n  by  a poin t c h a r g e .  In  th e  e x t r e m e
r e l a t i v i s t i c  l im i t  t h i s  i s  g iven  by
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/  der 
\ dfi /  point 2E
c os ^  0 /2
s in 3 4 0 / 2
w h e re  Z e  i s  th e  n u c l e a r  c h a r g e ,  E  i s  th e  e n e rg y  of th e  e l e c t r o n  
and 0 i s  th e  s c a t t e r i n g  ang le . T he  f o r m  f a c to r s  F  a r e  ta k e n  as
-1th e  m a t r i x  e le m e n ts  of Z 2— e .ex p ( iq .  r  -) b e tw e e n  and th e
6 . - 1  1  ~  ~
1” and 3 ” s t a t e s  g iv en  above . The quan tity  r^ i s  m e a s u r e d  f r o m  
th e  w e ll  c e n t r e  and  fiq i s  th e  ch an g e  of m o m e n tu m  of th e  e l e c t r o n  
in  th e  s c a t t e r i n g  p r o c e s s .  T he  f o r m  f a c to r s  a r e
[T5 3 q q * 9 9
F 3 = 180 1 4 ad exp ( " ?q a
Fla = " | f  iqa exp ("^q2 a2)*
tt — J^ • /-I i 2 2. . i 2 2.
F l b  " '  I s  l q a (X " *q a  ) exp ( - ? q a  ),
F i c  = - i q a ( 1  ~ T o q2 a 2 ) exp ( ' ^ q2 a2 ) -
( 4 )
(5a)
(5b)
(5c)
Now, V~3 c o n ta in s  no s p u r io u s  s t a t e  (El 55) w h ich  h a s  th e  s a m e  
in t e r n a l  m o tio n  a s  . T o  o b ta in  a  1 s ta t e  of a  s i m i l a r  k in d , 
1£  i s  w r i t t e n
V, = o c ’V la  * p  V ib > (6 )
w h e re  , ß , % a r e  c h o s e n  so  th a t  i s  o r th o g o n a l  to
w h e re  R is  th e  c e n t r e  of m a s s  c o - o r d in a t e .  W hen th i s  i s  done
o(, p  , and  y , a r e  su ch  th a t  in  F ^  = oC F ^  + ( ? F ^  + F ^  the
2 2c o e f f ic ien t  of exp  ( - J q  a  ) p ro p o r t io n a l  to  q a  v a n i s h e s .  T h is
3g ives  F ^  q fo r  s m a l l  q , w h ich  a g r e e s  w ith  F r e g e a u  ( F r  56)
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who po in ted  out t h a t ,  f o r  s m a l l  m o m e n tu m  t r a n s f e r  H q, th e  f o r m
2 3f a c to r  i s  p r o p o r t io n a l  to  q f o r  EO and E2 t r a n s i t i o n s  /to q f o r
E l ,  A T = 0 t r a n s i t i o n s  in  s e lf -c o n ju g a te  n u c le i  and E3 t r a n s i t i o n s ,
and to  q k  fo r  o th e r  E L  t r a n s i t i o n s .  T h e  f o r m  f a c to r  F-^ c an  th u s
be  w r i t t e n
F-^ = C i q ^  a^ exp  ( - J q 2 a 2 ),
w h e re  C a t ta in s  a  m a x im u m  v a lu e  of J 210 /1080  f o r  (&< , ß  , ^  ) =
( -2 vf35/21,  5 J T0 5 /6 3 ,  -2 >1^1/63) = ( - 0 . 5 6 3 ,  0 . 8 1 3 ,  -0 .  145).
T h e  e f fe c ts  of th e  m o t io n  of th e  c e n t r e  of m a s s  of th e  n u c leu s  
r e l a t i v e  to  th e  w e ll  c e n t r e  and of th e  f in i te  p ro to n  s iz e  a r e  s im p ly  
to  m u lt ip ly  th e  f o r m  f a c t o r s  F]_ and F g  by  exp  (q2 a 2 / 48 - q 2 a ^ p / 6 ), 
w h e re  ap i s  th e  r o o t - m e a n - s q u a r e  r a d iu s  of th e  p ro to n  (Ta 58) 
and i s  ta k e n  a s  a^  = 0. 72 fm . T he f o r m  f a c t o r s  th e n  a r e
q 3 a 3 exp  ( - l l q 2 a 2 /4 8  - q 2 a p 2 / 6 ),
F 3 I = q 3 a 3 exp ( - U q 2 a 2 /4 8  - q 2 a 2 / 6 ),
m ax
w hich  a r e  p lo t te d  in  f ig u r e  1. It i s  s e e n  th a t  F^J  ro u g h ly  f i t s
the  e x p e r im e n ta l  p o in t s ,  w h ile i s  about 40% to o  low .1 , m ax
It c a n  be  show n th a t  ev en  in  in t e r m e d ia t e  c o u p lin g , a s  long  a s  th e  
12g round  s ta t e  of C i s  a s s u m e d  to  b e lo n g  only to  th e  c o n f ig u ra t io n  
4 8I s  lp  , and s p u r io u s  s t a t e s  a r e  e l im in a te d  a s  a b o v e ,  no v a lu e s  
of I F j J  o r  j F 3 j g r e a t e r  th a t  th o s e  in  th e  L - S  coup ling  l im i t  
c an  be  o b ta in ed . It shou ld  b e  n o te d ,  h o w e v e r ,  th a t  Y t  a n d ^*3
6 Ch 1-3
F ig u r e  1.
M agn itude  of th e  f o r m  f a c to r  F  f o r  e l e c t r o n  e x c i ta t io n  of the
129 .63  MeV s ta t e  in  C as  a  fu n c tio n  of q a .  T he  e x p e r im e n ta l  
p o in ts  a r e  th o s e  of F r e g e a u  ( F r  55, F r  56). C on tinuous  and 
d a sh e d  c u r v e s  a r e  r e s p e c t i v e l y  I F-,'
j i  I IT lc lX
and F  ^
006
004
002
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s t i l l  c o n ta in  s p u r io u s  s t a t e s  w ith  in t e r n a l  m o tio n  th e  s a m e  as  th e  
f i r s t  e x c i te d  s t a t e  of C ^ :  e l im in a t io n  of t h e s e  s p u r io u s  s t a t e s
c a u s e s  th e  v a lu e s  of and  F -I l , m a x | to  b e  m u l t ip l ie d  by
0 .8 8  and  0 .4 9  r e s p e c t iv e ly  ( F .C .  B a r k e r ,  p r iv a te  c o m m u n ic a t io n ) .
4. In e la s t i c  P r o to n  S c a t te r in g
(i) P r o to n  e n e r g ie s  in  th e  r e g io n  1 5 -20  MeV
P e e l l e  (Pe 5 7) has  o b s e r v e d  th e  d i f f e r e n t i a l  c r o s s  s e c t io n
of p r o to n s  of in i t i a l  e n e rg y  up to  about 20 MeV s c a t t e r e d  i n e l a s -  
12t ic a l ly  by  C . By c o m p a r in g  w ith th e  d i r e c t  s u r f a c e  i n t e r a c t i o n
th e o ry  (Au 53) w hich  p r e d i c t s  a  d i f f e r e n t ia l  c r o s s  s e c t io n
p r o p o r t io n a l  to  j jj^(QRo ) | ^ , w h e re  i s  th e  Kth o r d e r  s p h e r i c a l
B e s s e l  fu n c t io n ,  K i s  th e  m ag n itu d e  of th e  o r b i t a l  a n g u la r  m o m e n tu m
change  of th e  in c id e n t  p a r t i c l e ,  HQ i s  th e  m a g n i tu d e  of th e  m o m e n tu m
t r a n s f e r ,  and R i s  th e  in te r a c t io n  r a d i u s ,  P e e l l e  co n c lu d ed  th a t  h is  
’ o  *
r e s u l t s  f o r  th e  9. 63 MeV s t a t e  w e re  b e s t  f i t te d  w ith  K = 1, giving
IT - -J  = 0 , 1  , o r  2 . P e e l l e  u s e d  an  in t e r a c t i o n  r a d iu s  RQ = 3 .3  fm .
F o r  a v a lu e  R Q = 4 . 6  f m  w hich  f i t s  th e  o b s e r v e d  p o s i t io n  of the
m in im u m  in  th e  d i f f e r e n t ia l  c r o s s  s e c t io n  f o r  th e  4 .4 3  MeV s ta t e  
12of C , th e  9 .6 3  MeV s ta t e  d i f f e r e n t ia l  c r o s s  s e c t io n  i s  f i t ted  
so m ew h a t  b e t t e r  fo r  K = 3 (J = 2" ,  3 ” , o r  4 ")  th a n  f o r  K = 1, 
though  th e  f i t  i s  s t i l l  not s a t i s f a c t o r y .  (C h a p te r  III s e c t io n  3).
L e v in s o n  and B a n e r j e e  (Le 57, B a  57, L e  58) u s e d  a
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v o lu m e  in te r a c t io n  th e o ry  w ith  d is to r te d  w av es  fo r  in te r p r e t in g
in e la s t ic  p ro to n  s c a t te r in g ;  th e y  o b ta in e d  re a s o n a b le  a g re e m e n t
12w ith  e x p e r im e n t fo r  th e  e x c ita tio n  of th e  4 . 4 3  MeV s ta te  in  C 
a t p ro to n  e n e r g ie s  of 14 to  185 M eV. T h e ir  c a lc u la t io n s  show  
th a t th e  d i r e c t  s u r f a c e  in te r a c t io n  th e o ry  m ay  be  in a d e q u a te  fo r  
a  n u c le u s  a s  lig h t a s  c a rb o n . A lso , R obson  and R obson  (Ro 60) 
found th a t s p in - o r b i t s  e f fe c ts  (n e g le c te d  by  L e v in so n  and B a n e r je e )  
a r e  im p o r ta n t  fo r  12 MeV n e u tro n s  in e la s t ic a l ly  s c a t te r e d  to  th e  
4 . 4 3  M eV s ta te  in  C 12.
The v o lu m e  in te r a c t io n  th e o r y , in c lu d in g  a s p in - o r b i t
p o te n tia l  bu t n e g le c tin g  C oulom b e f f e c ts ,  h a s  b e e n  u s e d  in  an
a tte m p t to  fit P e e l l e 's  d a ta  fo r  th e  d if f e r e n t ia l  c r o s s  s e c t io n  of
in c id e n t 18. 9 M eV p ro to n s  in e la s t ic a l ly  s c a t te r e d  to  th e  9. 63 
12MeV s ta te  in  C . S u b s ta n tia lly  b e t t e r  a g re e m e n t i s  o b ta in ed
fo r  a sp in  a s s ig n m e n t of 3 r a th e r  th a n  1 fo r  th is  s ta te  (B r 61,
B r 61a). (C h a p te r  I I I , s e c t io n  2).
T h e  c o n c lu s io n  re a c h e d  f ro m  th e  a n a ly s is  of th e
in e la s t ic  p ro to n  s c a t te r in g  d a ta  in  th e  re g io n  15-20  MeV is  th a t
12  -th e  9 . 6 3  MeV s ta te  in  C is  3 r a t h e r  th a n  1 .
(ii) P ro to n  e n e r g ie s  about 200 MeV
S ak am o to  (Sa 61) h a s  a n a ly se d  th e  d a ta  fo r  th e  in e la s t ic
s c a t te r in g  of 185 M eV p ro to n s  (Ty 57, Ty 57a) to  th e  9 .63  MeV 
12s ta te  in  C and  h a s  c o n c lu d e d  th a t  th e  s ta te  h a s  p o s it iv e  p a r i ty
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and s p in  2 o r  0 , bu t i t  i s  doubtfu l w h e th e r  th e  t h e o r e t i c a l  a n a ly s i s
and th e  e x p e r im e n ta l  d a ta  w a r r a n t  th e  e l im in a t io n  of th e  o th e r
sp in  and p a r i t y  v a lu e s  1 and 3 - w hich  w e re  c o n s id e r e d .
T he  im p u ls e  a p p ro x im a t io n  (Ke 59) w as u s e d  by  Sakam oto :
th e  i n t e r a c t i o n  b e tw e e n  the  p ro to n  and a  n u c leo n  of th e  n u c le u s  i s
a s s u m e d  to  be g iven  by f r e e  n u c le o n -n u c le o n  s c a t t e r in g .  The
d i f f e r e n t ia l  c r o s s  s e c t io n  fo r  th e  in e la s t i c  s c a t t e r in g  to  an  e x c i te d
7t  +
s t a t e  of a n u c le u s  w ith  a J  = 0 , T = 0 g round  s t a t e  (fo r  e x am p le  
12C ) d e p en d s  upon w h e th e r  o r  not t h e r e  i s  an  i s o b a r i c  sp in  change  
and w h e th e r  o r  not th e  p a r i ty  change  i s  n o r m a l  (in t h i s  c a s e ,  a
J
n o r m a l  p a r i ty  c h an g e  i s  ^  Tf = (- )  w h e re  J  i s  th e  sp in  of th e  f in a l
1?
s ta t e ) .  It i s  f a i r ly  c e r t a i n  th a t  th e  9. 63 MeV s ta t e  in  C h a s  
T = 0 and p a r i ty  ( - )^ .  In  su ch  a c a s e ,  when th e  B o rn  a p p ro x im a t io n  
is  u s e d  fo r  th e  n u c le o n -n u c le o n  s c a t t e r i n g ,  th e  d i f f e r e n t ia l  c r o s s  
s e c t io n  f o r  in e l a s t i c  s c a t t e r i n g  i s ,
dcr
Isi i»r ■f  ^  ipi ■* i£i )] I F( j , ( 7 )
w h e re  k^, k j a r e  the  w ave n u m b e r s  of th e  s c a t t e r e d  p ro to n  in  i t s  
in i t ia l  and  f in a l  s t a t e s  r e s p e c t i v e l y ,  oC % (3 ,Y  and £ a r e  c o e f f ic ie n ts  
in  th e  tw o -b o d y  s c a t t e r i n g  am p li tu d e  and  a r e  known fu n c t io n s  of 
th e  s p in  and  i s o b a r i c  sp in  of th e  n u c le o n -n u c le o n  s y s t e m  (Ke 5 9), 
A is  th e  r a t i o  of s p in - f l i p  to  n o n s p in - f l ip  r e d u c e d  m a t r ix  e le m e n ts  
(Ke 59) and in th i s  c a s e  m a y  be  ta k e n  a s  z e r o  s in c e  th e  p o la r iz a t io n
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of p ro to n s  in e la s t ic a l ly  s c a t te r e d  to  th e  9. 63 MeV s ta te  in  C; is
v e ry  s im i la r  to  th e  p o la r iz a t io n  of p ro to n s  e la s t ic a l ly  s c a t te r e d  
12by C (Hi 5 7) and  th e  q u an tity  . i s  a  n u c le a r  f a c to r  and d ep en d s 
upon th e  sp in  of th e  e x c ite d  s ta te .
S ak am o to  (Sa 61) w ro te  th e  n u c le a r  f a c to r  a s
F f . i  ’ < &  f t *  U l  + l / j^Qr.JY^ >o(0 . 0 .) -  l|  $ . >
w h e re  i r e f e r s  to  th e  in i t ia l  s t a t e ,  f to  th e  fin a l s ta te  and j to  th e  
n u c leo n s  in  th e  n u c le u s , and Q = - k. w hich d ep en d s  upon th e
s c a t te r in g  an g le  0.
To e x tr a c t  th e  a n g u la r  v a r ia t io n  of th e  n u c le a r  f a c to r ,  
S ak am o to  a s s u m e d  th a t  th e  r a d ia l  w ave fu n c tio n s  a r e  th e  s a m e  fo r  
a ll p a r t i c l e s , and a r e  c o n s ta n t in s id e  th e  n u c le a r  r a d iu s  R and 
z e r o  o u ts id e ; th e  d i f f e r e n t ia l  c r o s s  s e c t io n  th e n  i s , fo r  e x c ita tio n  
of a s ta te  of sp in  J ,
der _ 4kf 
dvSl kt
oC * + m
(J + 3)'
, 2 J  + 6 j  ■ £ ( J 0 )J 1-2dr
< w  I
It sho u ld  be  p o s s ib le  to  d e te rm in e  j j z l  0  ^  I  $ i  |
f ro m  o th e r  e x p e r im e n ts ,  f o r  e x a m p le , e le c t ro n  s c a t te r in g ;  th e  
v a lu e  of th is  q u a n tity  d e te r m in e s  th e  a b so lu te  v a lu e  of th e  d i f f e r e n ­
t ia l  c r o s s  s e c t io n ,  bu t w ithou t e v a lu a tin g  it e x p lic it ly  i t  m ig h t be
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p o s s ib le  to  s u g g e s t  a  sp in  fo r  th e  s ta t e  f r o m  the  a n g u la r  d is t r ib u t io n .  
H o w e v e r ,  it  i s  d iff icu l t  to  d i f f e r e n t ia te  b e tw e e n  th e  c u r v e s  f o r  
= 0+ , 2+ and 3 ” o b ta in ed  f r o m  eq u a tio n  (8) (Sa 61, f ig u r e  5) 
w hen th e  e x p e r im e n ta l  e r r o r s  a r e  c o n s id e re d  (Ty 57a). T he  v a lu e  
of R u s e d  i s  not g iven  by S ak am o to  and ch ang ing  R w ill ch ange  th e  
p o s i t io n  of th e  m a x im a  in  t h e s e  c u r v e s .  S ak am o to  did not e l im in a te  
s p u r io u s  s t a t e s ,  and  i f  t h i s  w e re  done th e  c u rv e  fo r  J  = 1  cou ld
j t '
be  e x p e c te d  to  be  s i m i l a r  to  th a t  show n f o r  J  = 3 . T he  a p p r o x i ­
m a t io n s ,  e s p e c ia l l y  th o s e  f o r  th e  r a d i a l  d ep en d en ce  of th e  w ave
fu n c t io n s ,  w hich  h av e  b e e n  m a d e  in  e v a lu a t in g  the  n u c le a r  f a c to r
*
do not a l lo w  a s p in  a s s ig n m e n t  to  be  m a d e  w ith  c o n f id en ce  ; it  i s
doubtfu l w h e th e r  th e  e x p e r im e n ta l  r e s u l t s  a r e  su ch  th a t  an
u n a m b ig u o u s  s p in  v a lu e  cou ld  be  o b ta in ed  even  w ith  an im p r o v e d
c a lc u la t io n  of th e  n u c le a r  f a c to r .
H e n ce  th e  only r e l i a b l e  in fo r m a t io n  w hich  c a n  be  o b ta in ed
f r o m  th i s  a n a ly s i s  w ithout th e  e v a lu a t io n  of th e  a b so lu te  d i f f e r e n t ia l
12c r o s s  s e c t io n  i s  th a t  th e  9. 63 MeV s ta t e  in  C h a s  n o r m a l  p a r i ty ,  
w hich  c an  b e  c o n c lu d ed  s in c e  eq u a tio n  (7) does  give c u r v e s  of 
a p p ro x im a te ly  th e  c o r r e c t  s h a p e .
* T h e  s a m e  c u r v e s  (Sa 61, f ig u r e  5) shou ld  be  a p p l ic ab le  to  th e  
4 .4 3  MeV s ta t e  w hich  i s  know n to  have  = 2+ , h o w e v e r  th e  
e x p e r im e n t a l  p o in ts  (Ty 5 7a , f ig u re  4) fa l l  n e a r e s t  to  th e  1” c u rv e .
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5. In e la s t ic  A l p h a - P a r t i c l e  S c a t te r in g
T he d i f f e r e n t ia l  c r o s s  s e c t io n s  f o r  in e la s t i c  s c a t t e r i n g
12of 40 MeV a lp h a - p a r t ic l e s b y  C w e re  ob ta in ed  by Y av in  and 
F a r w e l l  (Ya 59). T h ey  c o m p a r e d  t h e i r  r e s u l t s  w ith  th e  d i r e c t  
s u r f a c e  i n t e r a c t i o n  th e o r y  and found a g r e e m e n t  fo r  th e  9 .6 3  MeV
-rr ~f* _ -j- —
s t a t e  w ith  J  = 0 o r  2 , bu t not w ith  1 o r  4 , w h ile  3 w as  not
c o n s id e r e d .  A lthough  t h e r e  a r e  o b je c t io n s  to  th e  d i r e c t  s u r f a c e
in t e r a c t i o n  th e o r y  fo r  a l p h a - p a r t i c l e  s c a t t e r i n g  s i m i l a r  to  th o s e
f o r  p r o to n  s c a t t e r i n g ,  th e  t h e o r y  i s  p ro b a b ly  m o r e  r e l i a b l e  in  th e
a l p h a - p a r t i c l e  c a s e ,  a s  i s  show n by  b e t t e r  a g r e e m e n t  w ith  o th e r
e x p e r im e n ta l  r e s u l t s .  T h u s  in  th e  s c a t t e r i n g  of 40 MeV a lp h a -  
12p a r t i c l e s  by  C , th e  p o s i t io n s  of th e  f i r s t  few  m a x im a  of the  
d i f f r a c t io n  ty p e  a n g u la r  d is t r ib u t io n  c an  be  f i t te d  f a i r l y  c lo s e ly ,  
fo r  e a c h  of th e  e l a s t i c  s c a t t e r i n g ,  th e  e x c i ta t io n  of th e  2+ , 4 .4 3  
MeV and 0+ , 7 .6 6  MeV s t a t e s  (Ya 59, E c  59). T h e s e  give R q 
v a lu e s  of (5 .5 2  t  0. 10)fm  fo r  the  e l a s t i c  s c a t t e r i n g  (Ec 59),
(5. 45 *  0 . 15)fm  f o r  th e  e x c i ta t io n  of th e  4. 43 MeV s ta t e  (Ya 59) 
and (5. 9 ^ 0 .  2)fm  fo r  th e  7 .6 6  MeV s ta t e  (Ec 59). F o r  the  
9 .6 3  MeV s t a t e ,  Y av in  and F a r w e l l  (Ya 59) u s e d  R q = 5 .4 7  fm  and 
Rq = 5. 18 fm  f o r  th e  0+ and  2+ a s s ig n m e n ts  r e s p e c t iv e ly ;  s i m i l a r  
f i t s  w e r e  o b ta in e d  f o r  s p in s  l - and 3" w ith  R Q v a lu e s  6. 5 fm  and
6. 0 fm  r e s p e c t iv e ly  (Ba 60), w h e re  the  va lu e  of RQ f o r  th e  3“ 
c a s e  i s  p ro b a b ly  a c c e p ta b le .
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6. T h e  R e a c t io n  B 11 (p ,f r  )C 12* (<*)Be8
It w as  s u g g e s te d  (Ba 60) th a t  a  d e f in i te  sp in  a s s ig n m e n t  
m ig h t  b e  p o s s ib le  f r o m  a m e a s u r e m e n t  of th e  g a m m a - a lp h a  
c o r r e l a t i o n  in  th e  r e a c t io n  (p, X )C ^2^(°C )B e8 going th ro u g h  
th e  9 .6 3  MeV s t a t e  in  C ^ .  In p ro to n  b o m b a rd m e n t  of B ^ ,  t h e r e  
is  a r e s o n a n c e  at E  = 0. 163 MeV f r o m  w hich g a m m a - r a y s  a r e
Jr
12o b s e r v e d  to  th e  g ro u n d  and th e  4 .4 3  MeV s t a t e s  in  C . T h is
s t a t e  (Aj 59) in  at 16. 11 MeV i s  2+ and p ro b a b ly  th e  T = 1
12a n a lo g u e  of th e  f i r s t  e x c i te d  s ta t e  of B . T h e r e f o r e  e l e c t r i c  
d ipo le  g a m m a - r a d i a t i o n  i s  e x p ec te d  f r o m  th i s  s t a t e  to  th e  9. 63 
MeV s t a t e ,  a s s u m e d  to  be  1" o r  3 w ith  T = 0, w hich th e n  d e c a y s
o
by a lp h a  e m i s s io n  to  th e  g round  s t a t e  of Be ; th e  g a m m a - a lp h a  
a n g u la r  c o r r e l a t i o n  d ep en d s  upon th e  sp in  of th e  9. 63 MeV s ta t e .  
B e c a u s e  of th e  low  e n e rg y  of th e  p ro to n  and th e  s m a l l  m o m e n tu m  
of th e  g a m m a - r a y ,  t h e r e  i s  a  c l e a r  d i s t in c t io n  b e tw e e n  th e  e n e rg y  
of th e  f i r s t  e m i t te d  a l p h a - p a r t i c l e  ( * 1 . 5  MeV) and  th e  m a x im u m
g
e n e r g y  of th e  a l p h a - p a r t i c l e s  c o m in g  f r o m  th e  Be b re a k u p  
( * 0. 7 M eV).
T h e  g a m m a - a l p h a  a n g u la r  c o r r e l a t i o n  c an  b e  c a lc u la te d  
u n iq u e ly  f o r  e a c h  s p in  a s s ig n m e n t  to  th e  9. 63 MeV s t a t e ,  s in c e  
(Aj 59) th e  r e s o n a n c e  i s  due to  p -w a v e  p ro to n s  w ith known c h an n e l  
sp in  r a t i o  = 0 . 4 2 ) .  F o r  a l p h a - p a r t i c l e s  o b s e r v e d  at 90°
to  th e  p ro to n  d i r e c t i o n ,  and  g a m m a - r a y s  o b s e r v e d  in  th e  p lan e
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fo rm e d  by  p ro to n s  and a lp h as  and  a t an an g le  9 to  th e  p ro to n  
d i r e c t io n ,  th e  a n g u la r  c o r r e la t io n s  a r e
W ( 0 ) *  1 - 0. 08 c o s 2 0 for J 77 = 1" ,
W(9) * 1  + 0. 66 c o s 2 0 for •
iCOII
b
In  an  a tte m p t to  c a r r y  out th is  g a m m a -a lp h a  c o r r e la t io n
e x p e r im e n t G re g o ry  (G r 61) found th a t  th e  y ie ld  of g a m m a - ra y s
12f ro m  t r a n s i t io n s  to  th e  9. 63 MeV s ta te  of C is  l e s s  th a n  one 
th i r d  th a t  of th e  g ro u n d  s ta te  t r a n s i t io n .  T he a c c u ra c y  of th e  
e x p e r im e n t d id  no t a llo w  a c o r r e la t io n  m e a s u re m e n t  to  be  m a d e , 
but in  p r in c ip le  th e  p o s s ib i l i ty  of su ch  a  m e a s u re m e n t  can n o t be  
ru le d  o u t.
C a r ls o n  (C a 61) id e n tif ie d  th e  g a m m a -ra d ia t io n  f ro m  
th e  1 6 .1 1  MeV s ta te  to  th e  9 .6 3  MeV s ta te  in  C ^ 2 and found a 
p a r t i a l  w id th  ju s t  b e lo w  th e  u p p e r  l im it  p la c e d  on it by G re g o ry  
(G r 61). T h e  a n g u la r  d is t r ib u t io n  of th is  g a m m a -ra y  w as 
m e a s u re d  and  w as on ly  c o n s is te n t  w ith  a  sp in  a s s ig n m e n t of 3 
fo r  th e  9 .6 3  MeV s t a t e ;  th e  v a lu e s  J 77^ = 0+ , 1” , 2+ , 3 , and 4+ 
w e re  c o n s id e re d .
7. S h e ll M odel C a lc u la tio n  fo r  N eg a tiv e  P a r i t y  S ta te s
T he e x c ita t io n  e n e r g ie s  of th e  lo w e s t 1 ” and 3~ s ta te s  in
12C w e re  c a lc u la te d  by  B a r k e r  u s in g  a s im p lif ie d  s h e ll  m o d e l 
t r e a tm e n t  (B a 60). T he  g ro u n d  s t a t e ,  3 ” s ta te  and 1 s ta te  w ave
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fu n c tio n s  w e re  g iv en  by e q u a tio n s  (1), (2) and (6) r e s p e c t iv e ly ,  
w h e re  , p w e re  a g a in  c h o se n  so  th a t had  no s p u r io u s  s ta te  
w hich  h a s  th e  s a m e  in te r n a l  m o tio n  a s  ^  .
T h is  c a lc u la t io n  show ed  th a t a  1” and a 3 ” s ta te  m igh t be  
e x p e c te d  in  th e  n e ig h b o u rh o o d  of 10 M eV. H inds and  M idd le ton  
(Hi 61) g ive e v id en c e  fo r  1" s ta t e s  at 10. 84 MeV and 11. 82 MeV 
as  w e ll a s  th e  3 ” s ta te  a t 9 .6 3  M eV; h o w e v e r , t h e i r  e x p e r im e n t 
d o es  not ex c lu d e  2" fo r  th e  s ta te  a t 11. 82 M eV.
8. C o n c lu s io n
T h is  e x p e r im e n ta l  and th e o r e t ic a l  e v id en ce  a llo w s th e  
a s s ig n m e n t of a  s p in  of 3 and n e g a tiv e  p a r i ty  to  th e  9. 63 MeV 
s ta te  in  C ^ ;  th e  lo w e s t 1” s ta te  is  p ro b a b ly  a t 10. 84 M eV.
T h is  i s  s im i la r  to  th e  s i tu a t io n  in  w h e re  th e r e  i s  a  3" s ta te  
at 6. 14 MeV and a 1” s ta te  a t 7. 12 M eV.
In th e  fo llo w in g  tw o  c h a p te r s ,  th e  d i f f e r e n t ia l  c r o s s  
s e c t io n  fo r  in e la s t ic  n u c leo n  s c a t te r in g  is  d is c u s s e d  in  d e ta i l  
w ith  p a r t i c u la r  r e f e r e n c e  to  th e  in e la s t ic  s c a t te r in g  of 15-20  MeV 
p ro to n s  to  th e  9. 63 MeV s ta te  in  C
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C h a p te r  II
IN E L A ST IC  SC A TTER IN G  O F NUCLEONS - 
TH EO RY
1. In tro d u c tio n
T h e  in e la s t ic  s c a t te r in g  of a nucleon«* by  a n u c le u s  A 
is  c o n s id e re d .  T h e  n u c le u s  A i s  e x c ite d  f ro m  a  s ta te  ( J T ) , of 
to ta l  s p in  J  and i s o b a r ic  sp in  T ,  to  a  s ta te  ( J ’T ') .  T h is  e x c i ­
ta t io n  i s  a s s u m e d  to  ta k e  p la c e  a s  a r e s u l t  of a  d ir e c t  in te r a c t io n  
b e tw ee n  th e  nucleon«*  and a  n u c leo n |3  of th e  n u c le u s  w hich  c a u s e s  
n u c leo n |9  to  be  r a i s e d  f ro m  th e  72 X s h e l l  to  th e  p re v io u s ly  em pty  
72 £  s h e l l ,  th e  o th e r  (A - 1) n u c le o n s  b e in g  le ft u n a ffe c te d . 
N u c leo n  p c a n  b e  any one of th e  P  n u c leo n s  in  th e  TZX s h e ll .
T he in e la s t ic  d if f e r e n t ia l  c r o s s  s e c t io n  i s  c a lc u la te d  
u s in g  f i r s t  o r d e r  p e r tu r b a t io n  th e o r y ,  in  w hich  th e  in te r a c t io n  
b e tw ee n  n u c le o n s  |9 a n d ° ^ is  r e g a rd e d  a s  a  p e r tu rb a t io n  on th e  
n u c le o n -n u c le u s  in te r a c t io n  w hich  le a d s  to  e la s t ic  s c a t te r in g  
(Mo 49):
o ~ (9) = (7n /2 r f fL2 )2 2 1 A v j 7 ? l | 2 , (1)
w h e re  9 i s  th e  c en t r e -o f - m a s s  s c a t te r in g  a n g le , k. and k^ a r e  th e  
in i t ia l  and  f in a l w ave n u m b e rs  r e s p e c t iv e ly  fo r  n u c leo n  w hich  
h a s  r e d u c e d  m a s s  m , and^Tl i s  th e  m a tr ix  e le m e n t fo r  th e  t r a n ­
s it io n  due to  th e  d i r e c t  in te r a c t io n  b e tw ee n  n u c leo n s  j2 an d * * .
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*2Lp^  in d ic a te s  an  a v e ra g e  o v e r  in i t ia l  sp in  s ta t e s  and a su m  o v e r  
f in a l sp in  s t a t e s .
T he m a tr ix  elementTYJis c a lc u la te d  u s in g  v a r io u s  
a s su m p tio n s  abou t th e  n u c leo n  w ave fu n c tio n s  and th e  in te r a c t io n  
p o te n tia l: th e  s a m e  n u c le a r  w ave fu n c tio n s  a r e  u se d  th ro u g h o u t, 
th e  w ave fu n c tio n s  fo r  n u c leo n  a r e  e i th e r  p la n e  w av es  o r  a r e  
d is to r te d  by  a p o te n t ia l ,  w h ich  m ay  be  sp in  d ep en d en t o r  sp in  
in d e p e n d e n t, r e p r e s e n t in g  th e  n u c le u s  a s  a w h o le , and th e  i n t e r ­
a c tio n  b e tw ee n  n u c le o n s  |3 a n d ^ i s  a s s u m e d  to  be  of z e r o  ra n g e  bu t 
th e  in te r a c t io n  m ay  ta k e  p la c e  e i th e r  th ro u g h o u t th e  n u c le u s  o r  
ju s t a t th e  n u c le a r  s u r f a c e .  T h e  m o s t g e n e ra l  c a s e  i s  c o n s id e re d  
f i r s t  and th e n  so m e  s p e c ia l iz a t io n s  of th is  a r e  c o n s id e re d .
T he v a r io u s  th e o r e t ic a l  e x p re s s io n s  fo r  th e  d if f e r e n t ia l
c r o s s  s e c tio n  a r e  c o m p a re d  w ith  th e  e x p e r im e n ta l  v a lu e s  fo r
12in e la s t ic  p ro to n  s c a t te r in g  to  th e  9. 63 MeV s ta te  in  C in  th e  
next c h a p te r .
2. V olum e I n te r a c t io n  Spin  D ep en d en t D is to r te d  W ave T h e o ry  
A s th e  n am e  s u g g e s ts ,  th is  th e o ry  a s s u m e s  th a t  th e  
in te ra c t io n  ta k e s  p la c e  th ro u g h o u t th e  v o lu m e of th e  n u c le u s  and 
th a t th e  w ave fu n c tio n s  of n u c leo n  ^ a r e  d is to r te d  by  a sp in  
depen d en t p o te n tia l .  C ou lom b e ffe c ts  a r e  n e g le c te d .
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(i) N u c le a r  w ave fu n c tio n s
To s e le c t  n u c le o n (3 in  a  n o n - p r e f e r e n t ia l  m a n n e r ,  th e  
w ave fu n c tio n s  fo r  th e  n u c leu s  A a r e  expanded  in  t e r m s  of th e  
c o re  w ave fu n c tio n s  fo r  A - 1 n u c leo n s  and  th e  w ave fu n c tio n s  
fo r  n u c leo n  j3 u s in g  th e  m eth o d  of f r a c t io n a l  p a re n ta g e  (Ja  51a). 
If i t  i s  a s s u m e d  th a t  th e  ^  <L s h e l l  c o n ta in s  P  n u c le o n s , and th e  
o th e r  s h e l ls  a r e  c o m p le te ly  f il le d  o r  c o m p le te ly  em p ty  and a r e  
neg lec ted^  g ro u n d  s ta te  w ave fu n c tio n s  fo r  th e  n u c le u s  A m ay  be  
w r i t te n  in  th e  L -S  c o u p lin g  l im it  a s ,
Y g ( n L r  t s l , MTJMj)
_  £
M , ( S L M j  - Ml  Ml | J M  )U (7l£  [ > ]  T S L , M T Mj -M l  M j )
2 _ M <  7 2 £ r [x ]  T S L ^ T ? ^ " '  DÜ T S L , r j C >ML LXl t sl  MTMgME
( T j M -  Mt - M - | T M t ) (S*Mg | S M j -M l )
(l £ m l  | L M l ) (SLM j -M l  Ml  7 Z £ P' 'C X ] T S L ,
mt msml >
w h e re  ( a b «  /3|c*C+(3 ) i s  a  v e c to r  co u p lin g  c o e f f ic ie n t (se e  A ppendix  
A ), Y l £ V [X] TSL [| 1 [Xj T S L , TlJ^yi s  a  f r a c t io n a l
p a re n ta g e  c o e ff ic ie n t fo r  re m o v in g  one p a r t ic le  f ro m  th e  s h e l l ,
(i/c i s  th e  w ave fu n c tio n  of th e  c o re  and
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$(Hi ,  Mt -M^  M j-M L -Mg
T he  r a d i a l  w ave fu n c tio n  i s  a  fu n c tio n  of th e  d is ta n c e  R of
n u c le o n  f3 f r o m  th e  c e n t r e  of th e  n u c le a r  p o te n t ia l  w e l l ,  ^  and *¥•
a r e  i s o b a r i c  sp in  and  sp in  w ave fu n c tio n s  of n u c leo n  [3 r e s p e c t iv e ly ,
and Y i s  a  s p h e r i c a l  h a rm o n ic  g iving th e  a n g u la r  d ep en d en ce
L M
of th e  wave fu n c tio n .
S im i l a r ly ,  th e  e x c i te d  s ta t e  w ave fu n c tio n s  a r e  of th e  f o r m
Y e  ( ( W £ P ' 1 CXl f  S L . r Z  1 £
■ P' i  C m  M L  «T-“ t | t 'MT>
(S^Mg JS’Mj .-Ml .) (L£ 'Ml  M^-M^ |L'Ml ,)
(S'L'Mj ,-ml , J ' mj ,)Yc(72jCp "1LX] t s L , mt m§ml )
(4)
in  w hich  t e r m s  w ith  a  c o r e  of a  d i f f e r e n t  c o n f ig u ra t io n  have  b e e n  
n e g le c te d  as  t h e s e  do not c o n t r ib u te  to  th e  p r o c e s s  b e in g  c o n s id e r e d ,  
(ii) W ave fu n c t io n s  f o r  n u c leo n
The d i s to r t i n g  p o te n t ia l  i s  a s s u m e d  to  be  th e  u s u a l  W oods - 
Saxon p o te n t ia l  p lu s  a  T h o m a s - F e r m i  ty p e  s p in - o r b i t  p o te n t ia l :
VD = - (V + iW )g ( r )  + ( V g + i W g ) ^ ^ — )  r - ^ s . / .  (5)
w h e re  r  i s  th e  p o s i t io n  v e c t o r  of n u c leo n  ^ m e a s u r e d  f r o m  th e
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c e n tr e  of th e  n u c le a r  p o te n tia l  w e ll. T he p o te n tia l  p a r a m e te r s
V , W , V and  W a r e  r e a l  fu n c tio n s  of e n e rg y : V and W a r e  
b S
p o s it iv e  so  th a t  th e  c e n t r a l  fo rc e  i s  a t t r a c t iv e  and a b s o r p t iv e ,
Vg is  p o s i t iv e  c o r re s p o n d in g  to  th e  s ig n  of th e  s p in - o r b i t  p o te n tia l 
r e q u ir e d  in  th e  s h e l l  m o d e l, and  Wg is  n e g a tiv e  (He 56). The 
q u a n tit ie s  £  and s a r e  o r b i ta l  and  sp in  a n g u la r  m o m e n tu m  o p e r a t o r s , 
■ft/m ^c is  th e  p io n  C om pton  w ave len g th  and g (r)  i s  th e  W o o d s- 
Saxon (Sa 54) fo rm  fa c to r :
g (r )  = [ l  + e x p [ ( r  - R Q) / a d]  } _1
H e r e ,  a^  i s  th e  d if fu s e n e s s  p a r a m e te r ,  and  RQ is  th e  r a d iu s  of 
n u c le a r  m a t te r .
If £,  and  j a r e  th e  o rb i ta l  and to ta l  a n g u la r  m o m en tu m  
q u an tu m  n u m b e rs  of th e  n u c leo n  r e s p e c t iv e ly , th e n  th e  p a r t ia l  
w ave e x p a n s io n  of th e  w ave fu n c tio n  (p fo r  an  in c o m in g  n u c leo n  
m oving  in  th is  p o te n tia l  w e ll w hich  is  su ch  th a t a sy m p o tic a lly  (jx 
r e p r e s e n ts  a p la n e  w ave and an  ou tgo ing  s p h e r ic a l ly  s c a t te r e d  w ave 
i s  (Sa 5 5 a , Sa 56),
(6a)
and s im i l a r ly ,
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(Bf = • I a ' f i ' ^ 1 m „ i ) (5 j2 'm . l - m  m - . l i ' m  (k'r)
/ m £>3 m ji & 3 £< i'\  ]
j ' . m  ) ,  (6b)
= 4 7 T i« e x p ( iS .g )Y*^ ^  ( 9 ^  , 0k .)  . 
a W . m £ ,) - 47T exp(i S . ^ ) ^  ( 9 ^  , 0 ^ ) ,
0 ( i - £ j , m . ) = 2  (e r • * r » (* .”y ^  ) ,
and th e  fu n c t io n s  (k r)  a r e  so lu t io n s  of th e  sp in  dep en d en t
S ch rö ’d in g e r  e q u a t io n ,
f  £L _  _ 2 m
1 d r ^  -ft 2
.2 m + i l ZVD (r)  + k"  - ' r 2  ' j  r . / j ^ ( k r ) ( 7)
su ch  th a t
i j e (k r ) ~  j c o s  § j £ % ( k r )  + ( - ) s in  f £ _x(k r)  j ,
w h e re  j ^  and 3  ^ a r e  s p h e r i c a l  B e s s e l  fu n c tio n s  and
£ j ^ a n d  £ a r e  th e  a p p r o p r ia t e  p h a se  s h i f t s  (Mo 49).
(ii i)  T he  d i r e c t  i n t e r a c t i o n  p o te n t ia l  b e tw e e n  n u c leo n s  ß a n d ^  
T he  d i r e c t  i n t e r a c t i o n  p o te n t ia l  b e tw e e n  n u c leo n s  j3 and  C‘c 
i s  a s s u m e d  to  be  in d e p en d e n t  of sp in  and i s o b a r i c  s p in ,  w hich f o r  
in i t i a l  and f in a l  n u c l e a r  s t a t e s  w ith  S = 0, T = 0, i s  e q u iv a len t  to  
ta k in g  an a v e r a g e  o v e r  s p in  and i s o b a r i c  sp in  v a lu e s ;  a l s o ,  a l l
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f o r m s  of e x ch an g e  a r e  n e g le c te d .  F o r  e a s e  of c a lc u la t io n  th i s
p o te n t ia l  i s  ta k e n  to  b e  of z e r o  ra n g e :
V
Vi = Vo 2 1  S (r  - R .) , (8a)
w h e re  VQ i s  th e  s t r e n g th  of th e  i n t e r a c t i o n ,  o r  (Ro 60)
V l = 4 T T p f  (2 K + 1 ,-1 v K ( r . R )  §  Y ^ S A , 0 *  )Y*K M (0R , 0 R ) ,
(8b)
w h e re  K and M w ill  be  th e  q u an tu m  n u m b e r s  of th e  a n g u la r  m o m e n tu m  
t r a n s f e r r e d ,  and
v K ( r , R ) =  4 7 f  Vc S ( r - R ) .  (9)
T h i s  e x p a n s io n  m ay  a l s o  be  u s e d  fo r  a  f in i te  r a n g e  
i n t e r a c t i o n  by u s in g  th e  a p p r o p r ia t e  v a lu e  of Vj^(r,R)  ; f o r  e x a m p le ,  
S w ia te ck i  (Sw 51) h a s  g iven  v a lu e s  fo r  a  G a u s s ia n  i n t e r a c t i o n  and 
a Y ukaw a i n t e r a c t i o n .
(iv) C a lc u la t io n  of m a t r i x  e le m e n ts  
T h e  r e q u i r e d  m a t r i x  e le m e n t  i s
m  - < V * e $*f| Vl| V g $i> (10)
w hich  b e c o m e s ,  a f t e r  c a r r y i n g  out th e  s u m m a t io n  o v e r  sp in  and 
i s o b a r i c  s p in  c o - o r d in a t e s  and in te g r a t in g  o v e r  th e  c o - o r d in a t e s  
of th e  c o re
171 = 41T P 2  S ( T T ')  S (SS') ■2l  _  ( - ) M(2 K + 1 ) '1KMM l £X7 l i W j j y  ££'Tn^co.y-m£ m ^ ,
< 7l£ P C X ]T S l {| 71 Si P _ 1  D J  T S L ,  n £ >  (SLM j -IV^ Ml  I L M ^ )
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(S L 1M j - Ml  j J ’MJ t )(LX M ^ M ^ L I V ^ )
( L £ 'M ^  L ,MJ I -M J +ML ) ( i / m . - m ^  | jm .)
( ^ ' n v j . - m ^  , m £ i | j ' m . , ) a ( j ^ , m £ ) a ' ( j ' £ ' , m £ ,) R j £ j l / ,K
< 0 *  ( i f j ' , m j I ) j Y KM (&r J r )|
{ Y '" £  ' M j . - M j + M l - M ^ R ’ ^ r '  I Y K - M ' 0R ' ^ R ^ |  Y X  M l - M c * 0R , ( J R ^  '
( 11 )
w h e re
M ' t ' K l d r d R r 2R y j l i , ( k ' r ) ^ lx l(R)vK ( r , R ) / £( k r ) ^  (R) ,
w hich  b e c o m e s
H  ■ -  ^  vlvi i y £ ' K  4 JJ- v o d r r 2 ^ f  j ’£ i(k ' r ) ' x ' ( r >^j / (k r )  ( r ) •
( 1 2 )
f o r  th e  z e r o  r a n g e  d i r e c t  in t e r a c t i o n  b e tw e e n  n u c leo n s  and g iven  
in  eq u a tio n  (9). T h e  m a t r ix  e le m e n ts  of s p h e r i c a l  h a r m o n ic s  
have  b e e n  d e r iv e d  e l s e w h e r e  (Ro 57) (Appendix C) and h av e  th e  
v a l u e s ,
< Y r M J t -M J + ML - M E | Y K - M | Y m L -M fi> = ( ^ ° ° U ' ° >  « ( M j . - M j M)
\_
[ ( 2 K + l ) ( 2 i + l ) ( 2 £ '+ l ) " 1(4n)’ 1J 2 (XKM-l -M e
f r o m  w hich  th e  m a t r ix  e l e m e n t s  of s p h e r i c a l  h a r m o n ic s  in  a  co u p led
r e p r e s e n t a t i o n ,  w hose  b a s i c  s t a t e s  a r e  0 (5/.', m ) ,  m a y b e  o b ta in e d
J J
(Ro 5 7) (A ppendix C):
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< 0 * ( i f j ' , m . , ) | Y K M | 0 0 / j . m . ) )  = (jK*0 | j ' | ) S ( m  - m .M )
[ ( 2 K + l ) ( 2 j + l ) ( 2 j '+ l ) ‘ 1(4 n ) "1] 2 ( jKm. m . , - m
When th e  r e l a t i o n s  given in Appendix  A r e l a t i n g  the  v e c t o r  coupl ing  
c o e f f i c i e n t s  and  th e  R ac a h  func t ions  U (a b  c d : e f) a r e  u s e d  t o  c a r r y  
out the  s u m m a t i o n s  o v e r  M— and the  m a t r i x  e l e m e n t  i s
Tn= p *  s (t t ') s ( s s ' )  ( - )M s (m _,'-m  m )
v ' v '  K M C X J L j jW m .m . ,m  J 1 J  ’
3 3
•m. M) [ ( 2 £ + l ) ( 2 £ '+ l ) ‘ 1( 2 j + l ) ( 2 j ' + l ) ' 1 j
(13)
^(mj I
<*U?O j T S L f |  Ylk ? _1[XI T S L ( £ K 0 0 |  £ '0)
(JKMj M j , - Mj I J 1M j ,) U(KXL’C. : £ ’L) U(KLJ'S:L'J)
( j K i o |  j ' i K i / m j - m ^  m^ I j m . ) ( t i 7,m . |- m ^ ( m ^ J j ' m ^ )
(jKm- m . , - m .  ( j ' m . , )  a Q / . r n ^  ) a ,( j ,/ ' 1m / 1 ) R IK
The a v e r a g e  o v e r  i n i t i a l  sp in  s t a t e s  and th e  s u m  o v e r  f ina l  sp in  
s t a t e s  of the  m o d u lu s  of th e  m a t r i x  e l e m e n t  s q u a r e d  i s  
^ A v l w l 2 = \23 ^ 1  P  S (T T ' )  g(SS')  (2£ + 1)(2J '  + 1)
(2 £ 1 + l ) " 1(2 K + l)" 1<TZiLPL X )TSL {| £ P " 1[X )f  S L  > 2 
(JCKOOj £ ' 0 ) 2 U 2(K £L 'E  : £ 'L) U 2(KLJ'S : L'J)
^  ( - ) M S ( m . , - m . M )  [ ( 2 j + l ) ( 2 j ' + l ) - 1]
m - m - .M  j m^
(JKiO | j ' i ) ( i / m r m^ j ,
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( 14 )
s in c e
2:
M j . ( J K M j  M - M j  I J ' M j , )  ( J K ' M j  Mj t - M j  | J ' M j , )
= 2J-' + 1 S ( KK ' )  . 
2 K + 1
(v) D i f f e r e n t i a l  c r o s s  s e c t io n
T h e  d i f f e r e n t i a l  c r o s s  s e c t io n  eq ua t ion  (1) m a y  now be 
w r i t t e n  f r o m  equat ion  (14), a f t e r  s u b s t i t u t i n g  th e  e x p r e s s i o n s  fo r  
a(j J? t m .g )  and  a ' j j ' / ^ m . , )  and r e - l a b e l l i n g  s o m e  of th e  s u m m a t i o n  
i n d i c e s ,  a s
z
M m gm s ,
I Q K M m s m g  t
2
(15)
w h e r e
Sjj? = 16TT2 P  S ( T T ' )  S ( S S ' ) J ^ I  ( 2 J 1 + 1)(2£+ 1)
( 2 i ' + l ) ' 1 (2K+1)_14  72£.P CX1TSL?I "W* P_1C>Dt s L ,  r U > 2 
(XKOOj £ ' 0 ) 2 U 2( K £ L 'L  : £ 'L )  U 2(K L J 'S  : L ' J )  ,
(16)
and
c K M m s m s ,
= i J ~‘ ' f (2 i+ i ) (2 i '+ i ) -13 2
exp ( i + i  S j ljg t)(jKi °  | j ' i ) ( i i m s I jm s +mg )
M -m g |+ms +m^ | j'M +m g+m£ )
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( jK m s +m £  M (j 'M +m g+m ^ ) Y/  ^  ( , 0)
Y^ 'M + m £ + m s - m s , ( 2 ’ 0) ’ ( 17 )
w h e re  the  a x is  of q u a n t iz a t io n  i s  c h o se n  p a r a l l e l  to  k. x k p  
(vi) P o l a r i z a t i o n
F o r  sp in  \  p a r t i c l e s  and the  c h o ice  of ax is  m ad e  th e  
p o la r i z a t io n  i s  g iven  by  (Sa 56, Wo 49)
P(9) = P,
2=1 K 1Im k  (*) 1
2 , 
- K |MK ( " 2 )
1 2
z
K |MK<2) ,I 2 +  2 : iK 1m k  ( -4) i 2
(18)
w h e re
m k ("v >! S 2k  ^^  Mm,
c KM mgm s ,
In th e  s p e c ia l  c a s e  w h e re  K i s  s in g le  v a lu e d ,  a s  fo r  e x a m p le  
w hen J  = 0 , e q u a t io n  (18) b e c o m e s
z :
M m ,
c K M m s 2 I3
P (6 )
Mm,
K M m  ~2c s
2Z
M m,
c K M m s 2 2 + Mm,
^ K M m s  ~ 2L 1 2
(19)
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3. Spin  In d ep en d en t th e o r ie s
T h e  d is to r t in g  p o te n tia l i s  now ta k e n  as  sp in  in d e p en d e n t; 
in  o th e r  r e s p e c t s  th e  w ave fu n c tio n s  and p o te n tia ls  a r e  a s  in  
s e c t io n  2. L e v in s o n  and B a n e r je e  (Le 57, B a 57, L e  58) a ls o  
u se d  a sp in  in d e p en d e n t d is to r t in g  p o te n t ia l ,  bu t th e y  u se d  a f in i te  
ra n g e  d i r e c t  in te r a c t io n  p o te n tia l .
r e p r e s e n ts  a  p lan e  w ave and  an  ou tgo ing  s p h e r ic a l ly  s c a t te r e d  w ave 
is  (Sa 55a, Sa 56),
and th e  fu n c tio n s  (k r)  a r e  so lu tio n s  of th e  sp in  in d e p en d e n t
W ith  a d is to r t in g  p o te n tia l
UD = -(V  + iW ) g (r )  ,
th e  p a r t i a l  w ave e x p a n s io n  of th e  w ave fu n c tio n  ([j^  fo r  an  in c o m in g  
n u c leo n  m o v ing  in  th is  p o te n tia l  w ell su ch  th a t  a s y m p to tic a l ly  (jx
(20a)
and  s im i la r ly
(20b)
T he fo llo w in g  r e la t io n s  ho ld  in  e q u a tio n s  (20) :
a (-^» m j i ) = 4/7 i ex p (i Sjf ) Y* (0k . - t)k-)-x  m £  i  i
= 417 i ”^  e x P(i ^  ,) Y / > m  (0k f .
S c h rö d in g e r  e q u a tio n
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f d 2m  2 ^ ( ^ + 1 ) 7  9
—  ~ ~2 UD ( r ) + k - - V -  r 4 ( k r )
L d r  h  r  J
su ch  th a t
J £ { k r ) ^  [co s  ^  jz (kr) + ( - )  s in  j_ ^  (k r)  j  ,
and ^  and a r e  th e  a p p r o p r ia t e  p h a s e s  (Mo 49). T h e  n u c le a r  
w ave fu n c tio n s  g iv en  in  eq u a t io n s  (2) and (4) a r e  u s e d .  T he  d i r e c t  
in t e r a c t i o n  b e tw ee n  n u c leo n s  j3 and i s  g iven  by  e q u a t io n  (8b).
If th e  s a m e  p r o c e d u r e  i s  fo llow ed  a s  in  s e c t io n  2 th e  c r o s s  
s e c t io n  b e c o m e s
cr-(Q)
1 1
2 2J+1 ki \  2tfft
^ - S 2 t^  i c K M
M
> (21)
•L
w h e re  S ^  i s  g iven  by  eq u a tio n  (16) and
c ™ .  j :
J t & ' mP
( £ K 0 0 \ 2 ' 0 ) { £ K m ^  M | ^ ' M + m g ) Y  ( f  , 0)
V M+m » ( 2 2 )
w h e re
[ d r d f ? r 2R 2 P  (R) J '  ( k ' r )  v  ( r .
i ^ ' K  v - / "  / h  ' K '
( R ) ^  (k r) ( 2 3 )
w hich  fo r  a  z e r o  r a n g e  i n t e r a c t i o n ,  th a t  i s  v „  ( r , R )  i s  g iven  by
eq u a t io n  (9),  b e c o m e s
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f t £ <2'K
2K+1
4  rr v ° drr2 ^-72' X '  (k 'r ) (r ) ^ ( k r ) •
(24)
In s te a d  of ta k in g  a  z e r o  r a n g e  i n t e r a c t i o n ,  G len d en n in g  
(Gl 59) u s e d  a n o th e r  m e th o d  of s im p l i fy in g  th e  e v a lu a t io n  of e q u a tio n  
(23). He r e p la c e d  th e  fu n c tio n s  / i £ (k r)  and , ( k ' r )  by  t h e i r  v a lu e s  
(kRQ) and (k 'R Q) at an  i n t e r a c t i o n  r a d iu s  R q and th e n  cou ld  
c a r r y  out th e  in t e g r a t i o n  o v e r  R w ith  a  G a u s s ia n  p o te n t ia l  fo r  th e  
d i r e c t  in t e r a c t io n  b e tw e e n  n u c leo n s  j3 and . T h is  i s  a  r e a s o n a b le  
a p p ro x im a t io n  if s i  ^  (k r)  and A ^ , ( k ' r )  a r e  s low ly  v a r y in g  fu n c tio n s  
of r .  T h is  i s  not o b v io u s ly  t r u e .
In th e  c a s e  of an  in t e r a c t i o n  b e tw e e n  n u c leo n s  p  and 
w hich  ta k e s  p la c e  th ro u g h o u t  th e  v o lu m e  of th e  n u c le u s  and w ith  
p lan e  w aves  fo r  th e  w ave  fu n c tio n s  f o r  n u c leo n  oc. , th e  d i f f e r e n t ia l  
c r o s s  s e c t io n  m ay  b e  o b ta in ed  f r o m  e q u a t io n s  (21), (16), (22) 
and (24) by r e p la c in g  s i ^  (k r)  and  s i ^   ^ ( k ' r )  in  eq u a tio n  (24) by 
s p h e r i c a l  B e s s e l  fu n c t io n s  j ^ ( k r )  and j ^ , ( k ' r )  and by ta k in g  th e  
p h a se  sh i f ts  in  e q u a t io n  (22) S£ , ^  , a s  z e r o .
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4. The D i r e c t  S u r fa c e  I n te r a c t io n  T h e o ry
T h is  i s  th e  s im p le s t  t h e o r y  and a s s u m e s  th a t  th e  in te r a c t io n  
t a k e s  p la ce  only  in  th e  n e ig h b o u rh o o d  of th e  s u r f a c e  and th a t  th e  w ave 
fu n c t io n s  f o r  th e  n u c leo n  a r e  p lan e  w av es  o u ts id e  the  n u c leu s  
(Au 53).
T he  w ave fu n c tio n s  f o r  n u c leo n  o u ts id e  the  n u c le u s  a r e
= ex p ( ik . .  r )  X  ( i , m g ) , (25a)
§ f*  = e x p ( - ik f . r ) y . ( i , m s ,) , (25b)
w h e re  and k^ a r e  th e  in i t i a l  and f in a l  w ave n u m b e r s  r e s p e c t iv e ly  
and X ( i , m g ) i s  a  sp in  wrave  fu n c tio n .  T he  d i r e c t  in t e r a c t io n  
p o te n t ia l  i s  u s e d  in  th e  f o r m  of e q u a tio n  (8a) r a t h e r  th a n  in  th e  f o r m  
of eq u a t io n  (8b). T h e  n u c l e a r  w ave fu n c tio n s  eq u a t io n s  (2) and  (4) 
a r e  u s e d .
The m a t r i x  e le m e n t  fo r  the  t r a n s i t i o n  due to  th e  i n te r a c t io n  
b e tw e e n  n u c le o n s  (3 and i s
P i =pi  g(xT.) s(ss') Sr-n/r n£ p“1cx]TSL,nx>
LaJ IVIj^  Mj^ Lj
(SLMj -M l  Ml  I JMj )(SL'Mj -M l  MJ t -M j+M L I J 'M J t )
(LX M ^ M l  - I L M l  )(LX 1 M ^ M j , - Mj +Ml  - | L ' M j , - Mj +Ml )
L L 'Q  ’ (26)
a f t e r  the  in te g r a t io n s  o v e r  th e  c o - o r d in a t e s  of th e  c o r e ,  and  th e
s u m m a t io n s  o v e r  sp in  and i s o b a r i c  s p in  c o - o r d in a t e s  h av e  b e e n
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p e r f o r m e d .  W hen  th e  d e l t a  func t ion  i s  s u b s t i t u t e d  fo r  the  i n t e r a c t i o n  
p o te n t i a l  t h e  i n t e g r a l  i s  given by
^  L L 'Q  Vo d 3R . (R) Y* (0 ,0  )U ' L  L ' M j , - M j + M L -M t  R R ;
e x p ( - ik f . R )  ( R ) Y £ M l _m _ (0R ,0 R ) e x p ( i k . . R )
which  c a n  be  w r i t t e n
f t L L ' Q  Vo
Z ,K
MJ ' - MJ +ML - ML
A  ?  , <R)  R)
j K (QR)YKO( e R . 0 R ) [ ( 2 X + 1 ) ( 2 I '+ 1 ) ]  2 ( £X '00 IK0)
( I £ ' M L - ME Mj -Mj .+Ml - Ml I K'Mj -Mj ,) y k ,m  _m  (eR>0R )
J  J  *
w h e r e  j^ ( Q R )  i s  th e  Kth o r d e r  s p h e r i c a l  B e s s e l  fu n c t io n ,  K i s  the  
m a g n i tu d e  of th e  o r b i t a l  a n g u l a r  m o m e n t u m  change  of th e  in c id e n t  
p a r t i c l e ,  a n d H Q  (Q = - k^) i s  the  m a g n i tu d e  of th e  m o m e n t u m
t r a n s f e r r e d .  A f t e r  th e  i n t e g r a t i o n  o v e r  a n g le s  h a s  b e e n  c a r r i e d  
out ^ l H q  b e c o m e s
M - M -  i
^ L L ' Q  = Vo 1 ( ' )  f ( 2 X . '+ l ) ( 2 X + l )$ 2 ( i i ' 0 0 | K 0 )
(J : i : 'M L -ML ML -M L l K 0 )  J d R R 2 ^ , X ,(R) ^  £  (R) jR (QR) .
C o n t r ib u t io n s  to  t h e  i n t e g r a l  f r o m  w ith in  an i n t e r a c t i o n  r a d i u s  R
o
which  i s  of th e  o r d e r  of the  r a d i u s  of n u c l e a r  m a t t e r  a r e  n e g le c t e d  
(Au 53).  F o r  R > R q t h e  fu n c t io n s  (R) and ^ » ^ ( R J a r e
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e x p o n en t i a l ly  d e c r e a s i n g  s in c e  th e y  c o r r e s p o n d  to  bound s t a t e s ,  and 
h e n ce  th e  v a r i a t i o n  of the  B e s s e l  func t ion  i s , i n  g e n e r a l ,  neg l ig ib le  
so  th e  i n t e g r a l  above m a y  b e  a p p r o x i m a t e d  a s
 ^O Q
dRR.2 ftyi , j, ,(R) f nJi (R)jK (QR) = y Q R0 ) dR R  ^ IjC, ( R ) ^ ( R )
jK(QR0 ) I (Rq)
H e n c e ,  a f t e r  s u m m i n g  o v e r  M— and th e n  o v e r  ]VL^  th e  m a t r i x  
e l e m e n t  i s
/
? 7 2 = V 0 p i  S ( T T ' )  S ( S S ’) L^ K ( - )£ i K [ ( 2 K + l ) ( 2 f  + 1 ) ]  5
<  HA7 T S l [| YL £  P ' 1r ä  T S L , 7 ?jC> ( £ X '0 0 \ kO)
( J K M t 0 I J ' M  ) U(KJ:l ' l : £ ' L )  U ( K L J ' S : L  *J) I (R ) j^ (Q R  ) .
(27)
F r o m  e q u a t io n s  (1) and (27) th e  c r o s s  s e c t i o n  i s
cr(0) l  l Xf(s?) v «2 S , T T , )  12 2J+1 kj V. 2ir*V ” .............................. Ü J  LK
( 2 X. + i ) ( 2 j ' + i )  <  ?2Xp u t t s l {| n a P _ 1  [>] t s l , 1
( X £ ' 0 0 | K 0 ) 2 U 2(K £ L 'L :  X'L) U 2(KLJ'S: L 'J )  I2(Rq ) ( jK(QRQ)
(28)
The  v a lue  of R Q u s e d  i s  c o n s i s t e n t l y  m u c h  l a r g e r  t h a n ,
s a y ,  th e  r a d i u s  d e t e r m i n e d  f r o m  e l e c t r o n  s c a t t e r i n g  e x p e r i m e n t s .
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R o d b e rg  (Ro 60a) h a s  s u g g e s te d  th a t  th i s  d i s c r e p a n c y  i s  a s im p le  
c o n se q u e n c e  of th e  d i s to r t io n  of th e  in c id en t  and ou tgo ing  w a v es  by 
th e  n u c l e a r  p o te n t ia l ,  and th a t  i f  th e  r e a c t io n  i s  a s s u m e d  to  ta k e  
p la ce  in  a  r e a l  p o te n t ia l  w ell of dep th  th e n  th e  e n e rg y  of th e  
nuc leo n  i s  i n c r e a s e d  by th i s  am oun t and th e  in i t ia l  and f in a l  w ave 
n u m b e r s  a r e  g iven  by
j  2Mi( E i + z r i ) J  2 (E £ +  ^J
T h u s ,  th e  m a g n itu d e  of the  m o m e n tu m  t r a n s f e r r e d  i s  i n c r e a s e d  and 
th e  i n t e r a c t i o n  r a d iu s  n eed ed  to  give th e  s a m e  p a t t e r n  of m a x im a  
and m in im a  i s  d e c r e a s e d .  R o d b e rg  (Ro 60a) found th a t  th e  ad d it iv e  
p o te n t ia l s  IT . and  V  a r e  b o th  in  th e  r e g io n  of 25 MeV w hen th e  
in te r a c t io n  r a d iu s  i s  ta k e n  a s  th e  r a d iu s  d e te r m in e d  f r o m  e le c t r o n  
s c a t t e r i n g  e x p e r im e n t s .  T h e  r a d iu s  p a r a m e t e r  now h a s  a  w e ll  
de f ined  p h y s ic a l  s ig n i f ic a n c e ,  and th e  p o te n t ia l  r e q u i r e d  i s  about 
o n e -h a lf  th e  c e n t r a l  d ep th  a s  m ig h t  be  e x p ec te d  f o r  a  r e a c t io n  ta k in g  
p la ce  in  th e  s u r f a c e  r a t h e r  th a n  in  th e  i n t e r i o r  of th e  n u c le u s .
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IN E L A ST IC  SC A TT ER IN G  O F NUCLEONS - 
COM PARISON W ITH E X P E R IM E N T  F O R  18. 9 MEV PR O TO N S
1. In t ro d u c t io n
T he  f o r m u la e  d e r iv e d  in  th e  p re v io u s  c h a p te r  a r e  u s e d  f o r
1218. 9 MeV p ro to n s  s c a t t e r e d  to  th e  9. 63 MeV s ta t e  in  C , w h ich  i s  
a s s u m e d  to  h av e  n e g a t iv e  p a r i ty  and a sp in  of 1 o r  3, and a r e  c o m ­
p a r e d  w ith P e e l l e ' s  e x p e r im e n ta l  d a ta  (Pe 57).
F i r s t  th e  v o lu m e  i n t e r a c t i o n  sp in  d ep en d en t d i s to r t e d  w ave 
th e o r y  i s  u s e d  and th e n  th e  e f fe c ts  of s i m p l e r  t h e o r i e s  a r e  c o n s id e r e d .  
A f te r  it i s  co n c lu d e d  th a t  th e  sp in  of th e  s t a t e  i s  3, th i s  v a lu e  i s  u s e d  
in  th e  c a lc u la t io n s  w h e re  th e  d i s c u s s io n  i s  m a in ly  c o n c e rn e d  w ith  th e  
n a tu r e  of th e  d i s to r t i n g  p o te n t ia l  and  th e  am o u n t th a t  n u c le o n s  of th i s  
e n e rg y  p e n e t r a t e  in to  a  n u c le u s  su ch  a s  c a r b o n .
2. V o lu m e  I n te r a c t io n  Spin  D ependen t D is to r t e d  W ave T h e o ry
(1) W ave fu n c t io n s  f o r  th e  n u c le u s  and  n u c leo n  (3
12T h e  g ro u n d  s t a t e  w ave fu n c tio n  f o r  C i s  t a k e n  a s  
Yo = ( ( I s 4 l p 7 C 4 3 : M l , l p ) 0 0 0 , 0 ) .
T he  w ave fu n c t io n s  f o r  th e  3 and 1 s t a t e s  a r e  g iven  by e q u a t io n s  
(1. 2) and (1.6 ) :
y 3 = ( ( I s 4 l p 7 C 4 3 3 ü l , l d ) 0 0 3 ,3 )  ,
Y l  =  ~ V l a  +  P Y l b  + ^  T i c  ■
w h e re
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V  " 7^T~( ( Is  ^ 3 ]  2 2^ i 4p C 44 U  2 2 1 )0 0 1 ,1 ) ,
Y l b  = V « 1®4 lP 7C 4 3 ] i i l ,  2s) 0 0 1 , 1) ,
Vlc = V«^4 I p 7 [4 3 ]  5 5 I , I d ) 0 0 1 , 1 ) ,
and (<=< , (3 , K ) = (0 , J 5 /6 ,  -  J T /6 )  = (0 , 0 . 9 1 3 ,-0 .4 0 8 )  w h ic h  a re
c lo se  to  the  v a lu e s  ( -0 .  0 2 8 ,0 . 916, - 0. 399) o b ta in e d  f o r  an E l l io t t
and F lo w e rs  in te r a c t io n  (E l 57, B a  60). The  l - and 3~ s ta te s  c o n ta in
no s p u r io u s  s ta te s  (E l 55) w ith  th e  sam e in te r n a l m o tio n  as ,
h o w e v e r b o th  s t i l l  c o n ta in  s p u r io u s  s ta te s  w ith  th e  sam e in te r n a l
12
m o tio n  as th e  f i r s t  e x c ite d  s ta te  in  C . The  v a lu e  = 0 is  chosen  
to  s im p l i f y  the  c a lc u la t io n  s in c e  has a d if fe re n t  " c o r e "  f r o m  the
re s t  o f the  w ave fu n c t io n s  c o n s id e re d .
N o rm a liz e d  id e a l h a rm o n ic  o s c i l la to r  w ave fu n c t io n s  a re  
used f o r  the  r a d ia l  w ave fu n c t io n  o f th e  nu c le o n  w h ic h  is  e i th e r  a 
lp ,  Id  o r  2s n uc leon :
P,p = 2 J 2 /3  B - ’  U  R  exp  [  - £ ( R /B )2 ]  ,
fl<L = 4 /  J T 5  B ' a 1T R 2 exp [  - | ( R / B )2 ]  ,
\  J 2 /3  B ' z n  _ I t t R 2 - 3 B 2) exp [  - £ ( R /B ) 2 }  .
T he  n o rm a liz a t io n  is  such  th a t
7°7Ui (R ) R 2 dR  = 1 .
Jo
The le n g th  p a ra m e te r  used  is  B  = 2. 0 fm ,  w h ic h  g ive s  wave fu n c t io n s  
s im i la r  in  th e  re g io n  o f th e  n u c le a r  s u r fa c e  to  th e  sq u a re  w e ll w ave
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fu n c t io n s  u s e d  by R ob so n  and R o b so n  (Ro 60).
S ince  th e  g ro u n d  s t a t e  h a s  J  = 0, th e  f a c to r  U(KL,J!S : L ' J )  
in  e q u a t io n  (II. 15) fo r  th e  d i f f e r e n t ia l  c r o s s  s e c t io n  r e q u i r e s  th a t
so lu t io n s  of e q u a tio n  (II. 7). T he  p a r a m e t e r s  u s e d  in  th e  p o te n t ia l  
a r e  o b ta in ed  f r o m  s ta n d a r d  o p t ic a l  m o d e l  v a lu e s  (F e  58, Sa 60,
Ro 60) and a r e  g iven  in  ta b le  1.
T he w ave fu n c tio n s  w e re  co m p u te d  on an  I . B . M .  650 c o m p u te r  
u s in g  a p r o g r a m  d e v is e d  by D r .  B. A. R obson . V a lu es  f o r  a ll  a l low ed  
v a lu e s  of j c o r r e s p o n d i n g  to-^up to>^ = 4 f o r  th e  in c o m in g  n u c leo n  and 
up to  £ '  = 3 f o r  th e  ou tgo ing  n u c leo n  w e re  c o m p u te d .  It w as e x p e c te d  
th a t  th e  e f fe c t s  of h ig h e r  v a lu e s  would be  s m a l l ;  t h i s  s e e m s  to  have  
b e e n  a r e a s o n a b le  a s s u m p t io n  s in c e  th e  p a r t s  of th e  m a t r i x  e le m e n t  
c o r r e s p o n d in g  to  /  = 4-*j£’ = 3 t r a n s i t i o n s  a r e  s m a l l .
(ii) W ave fu n c t io n s  fo r  th e  n u c leo n
T he r a d i a l  w ave fu n c tio n s  .kf. (k r)  f o r  n u c leo n  oc a r e
J * *
T h e s e  r a d i a l  w ave fu n c t io n s  had  th e  a s y m p to t ic  f o r m
(i)
w h e re  Z is  r e a l ,  bu t a r e  r e q u i r e d  to  h av e  th e  a sy m p to t ic  f o r m
( 2 )
w h e re  j ^ ( k r )  and k^ (k r )  = j  ^ (k r)  a r e  s p h e r i c a l  B e s s e l  fu n c t io n s .
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In c o m in g  n u c leo n O utgo ing  n u c leo n
V 45 MeV 45 MeV
w 12 MeV 8 MeV
v s 15 MeV 17 MeV
Wg - 4 MeV - 4 MeV
Ro 2. 75 fm 2. 75 fm
ad 0 .4  fm 0 .4  fm
T ab le  1. P a r a m e t e r s  f o r  th e  p o te n t ia l  ( r )
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p o in ts  p  = k r  f  ^p 2 = k r 2 , w hich  cou ld  b e  c o n s id e r e d  to  be w e ll  
o u ts id e  th e  n u c le u s  a r e  ta k e n ,  th e n  (p, )> J) . ( 0  m a y be
w r i t t e n
A  j£ ( p 1) -  v p l ’ + ^ B V P i ) , (3a)
■ A j£ ( p 2 ) + ( Y ^ ( p 2) ■ (3b)
w h e re  A and B a r e  c o m p le x  and h a v e  th e  v a lu e s
k i ^ ' 2 - M ' i
( - / b
k i j 2 - k2
^ 2  ^ '  1  "  hsi ' 2  
k i  h- k 2 h
w h e re  th e  s u b s c r i p t s  1 and 2 r e f e r  to  th e  p o in ts  p   ^ and p  2 
T he q u a n t i t ie s  Z e ^  and § . „ a r e  c a lc u la te d  f r o m  A and B.
U
T he r a t io  B /A  is
B _  ^ /  J2>j *1 - h ^ > ' 2 
A k l - ^  ' 2 - k 2^3 ^
w hich  m ay b e  w r i t t e n
X + iY = t a n  ( A + i / ^ )  , (4)
w h e re  > + i j u = $ . i s  th e  p h a s e  f a c to r  r e q u i r e d  in  e q u a t io n  (2).
B
A
Solving e q u a t io n  (4) y ie ld s
1 - X 2 - Y 2
exp (2 /^ )  co s  2 \  = 2 2 ’
(1 - Y) + X
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exp (2 yU) s in  2 \
2X
(1 - Y )2 + X 2
and so  exp (4jul) i s
exp (4yu )
(1 - X 2 - Y 2 )2 + 4X 2 
[(1 - Y )2 + X 2 ] 2
w hich  g ives  exp (2j u ) t and jj. and  2 A c an  be  c a lc u la te d .  T h e r e  a r e  
tw o  p o s s ib le  v a lu e s  of A d if fe r in g  by  IT ; j u  i s  p o s i t iv e  f o r  an 
a t t r a c t i v e  p o te n t ia l .
If A = ot + ij3 , B = + iT  ^ , Z e ^  = C + iD ,  th e n ,  on
c o m p a r in g  th e  r e a l  and im a g in a r y  c o e f f ic ie n ts  of and in  
e q u a t io n s  (1) and (3) tw o  s e t s  of r e l a t io n s  fo r  C and D a r e  ob ta ined : 
C = (oc c o s  A + Y s in  A ) /c o s h  /* ,
D = (*cs inA  - Y c o s  A )/sinly«c; (5a)
and
C = (- (3 s in  A + 7^  co s  X  ) / s i n h / t ,
D = ( |3 c o s  A + s in  A )/coshyt6 . (5b)
The tw o s e t s  of v a lu e s  of C and D shou ld  b e  th e  s a m e  and c an  be
u s e d  a s  a  ch ec k  on th e  n u m e r i c a l  c a lc u la t io n .
The wave fu n c t io n s  ^ ^  a r e  g iven  th e  r e q u i r e d  a sy m p to t ic  
f o r m  by  d iv id in g  by th e  c a lc u la te d  v a lu e  of C + iD . T h e  p h a se  
s h i f t s  S a ls o  a p p e a r  e x p l ic i t ly  in  th e  e x p r e s s io n  f o r  th e  d i f f e r e n t ia l
c r o s s  s e c t io n .
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(ii i)  D i f f e r e n t ia l  c r o s s  s e c t io n ,  sp in  d e te r m in a t io n  and th e  
v a lu e  of V0
T he  d i f f e r e n t ia l  c r o s s  s e c t io n s  o b ta in e d  a r e  p lo t te d  in
f ig u re  2, t o g e th e r  w ith  P e e l l e ' s  d a ta  (Pe 57) fo r  18. 9 MeV p r o to n s
12i n e la s t i c a l ly  s c a t t e r e d  to  th e  9 .6 3  MeV s ta t e  in  C . T he  c u r v e s
a r e  n o r m a l i z e d  at 50°  fo r  K = 1, and  a t 60° fo r  K ~  3. T he  c u rv e
fo r  K = 3 f i t s  the  e x p e r im e n ta l  d a ta  b e t t e r  th a n  th e  c u rv e  f o r
K = 1, w hich  is  p a r t  of th e  ev id en c e  f o r  a s s ig n in g  a sp in  of 3 to
th e  9. 63 MeV s ta t e  in  C ^ .  N e i th e r  c u rv e  f i t s  w e ll  at b a c k w a rd
a n g le s  but i t  i s  p o s s ib le  th a t  so m e  im p r o v e m e n t  in  th e  fit  of th e
c u r v e s  cou ld  be  o b ta in ed  by v a r y in g  th e  p a r a m e t e r s  u s e d .  T he
c a lc u la t io n s  ( s e c t io n  4) u s in g  a sp in  in d ep en d e n t  m o d e l  show  th a t
th e  d i s to r t in g  p o te n t ia l  u s e d  h e r e  m ay  b e  to o  l a r g e  and h e n ce  the
l a r g e  c r o s s  s e c t io n  at b a c k w a rd  a n g le s  m ay  be  re d u c e d  in  th e
above c a lc u la t io n  if  a d i f f e r e n t  d i s to r t in g  p o te n t ia l  i s  u s e d .
T he v a lu e s  of VQ c o n s i s te n t  w ith  th e  n o r m a l i z a t io n s  u s e d
3
a r e  c a lc u la te d :  th e s e  a r e  VQ ~ 850 MeV fm  fo r  K = 1 and 
V0 ~ 5 70 MeV fm ^ f o r  K = 3, w hich  a r e  of th e  o r d e r  of th e  va lu e
3
of th e  tw o -b o d y  p o te n t ia l  ( 500 MeV fm  ) r e q u i r e d  to  fit  n u c le o n -
nuc leo n  s c a t t e r i n g .  T h e s e  v a lu e s  w ould p ro b a b ly  be  i n c r e a s e d  if  
c o m p le te ly  n o n - s p u r io u s  w ave fu n c tio n s  w e re  u s e d .
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F i g u r e  2.
T he  d i f f e r e n t i a l  c r o s s  s e c t io n  cr- ( m b / s r )  f o r  in e la s t ic  n u c leo n  s c a t t e r i n g
12to  th e  9. 63 MeV s ta t e  in  C a s  a  func tion  of 0 (d e g re e s )  th e  c e n t r e - o f -  
m a s s  s c a t t e r i n g  a n g le .  T he  e x p e r im e n ta l  p o in ts  a r e  P e e l l e ' s  r e s u l t s  
(P e  57) f o r  18. 9 MeV p r o to n s .  T he  t h e o r e t i c a l  c u rv e s  a r e  f o r  18. 9 MeV 
n u c le o n s  (n e g le c t in g  C ou lom b e f fe c ts ) .  T h e  c u rv e  fo r  K = 1 goes  to  
2 2 .6  m b / s r  at 180°. T h e  n o r m a l i z a t io n  i s  a r b i t a r y .
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(iv) P o l a r i z a t i o n
T he  r e s u l t s  o b ta in ed  in  th e  p r e s e n t  c a lc u la t io n  f o r  th e  
p o la r i z a t io n  a r e  p lo t te d  in  f ig u re  3. T h e  p o la r iz a t io n s  a r e  quite  
l a r g e  and a s  no p o la r i z a t io n  i s  o b ta in ed  f o r  a sp in  in d ep en d en t 
p o te n t ia l  th e  d e g re e  of p o la r i z a t io n  shou ld  be  a  c r i t i c a l  f a c to r  
in  d e te r m in in g  the  im p o r ta n c e  of sp in  d ep en d en t e f fe c t s .
3. D i r e c t  S u r fa c e  In te r a c t io n  T h e o ry
F o r  th e  d i r e c t  s u r f a c e  in t e r a c t i o n  th e o ry  i t  i s  n e c e s s a r y  
to  know  th e  m o m e n tu m  g  t r a n s f e r r e d  in  th e  r e a c t io n ,  and  to  have
s o m e  e s t im a te  of th e  v a lu e  of th e  in te r a c t io n  r a d iu s  RQ s in c e  th e
d i f f e r e n t ia l  c r o s s  s e c t io n  i s  p r o p o r t io n a l  to jK<QRo>
T h e  m a g n i tu d e  of th e  m o m e n tu m  t r a n s f e r r e d  i s  g iven  by
ft Q
2M 2 v 2 n p 2M X n
_( Mn + m p ) m p (Mn + m p)
2M v 
n P
Mn + m p
c o s  9
Mn v 2n P
(Mn + m  p ):
2M X n
m „ (M + m _) p v n p '
( 6 )
12w h e re  X i s  th e  e x c i t a t io n  e n e rg y  of th e  s ta t e  in  C , m  and  v
P P
a r e  th e  m a s s  and v e lo c i ty  of th e  in c id e n t  p ro to n ,  Mn is  th e  m a s s  
12
of th e  C n u c le u s ,  and  9 i s  th e  c e n t r e - o f - m a s s  s c a t t e r i n g  an g le .  
E q u a t io n  (6) m ay  b e  a p p r o x im a te d  by ex p an d in g  the  s q u a r e  ro o t  and
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and n e g le c t in g  s e c o n d  and  h ig h e r  o r d e r  t e r m s  in  X /E  :
P
o  4 M *
f i V  -  — m ^E,
(Mn + m p )‘
1 -
(Mn + m p ) x
2MV
1 - c o s  9
w h e re  E p = ^ m pvp , w hich  b e c o m e s
q2r.
4M ^ En p f y M + m  vx n p  X
(Mn + m p )2 m p c 2 { di / n ip  c / 2M EL n p J
2 s in  0 / 2
P e e l l e  (P e  5 7) u se d  an  i n t e r a c t i o n  r a d iu s  RQ = 3. 3 fm  to  fit  
h is  i n e la s t i c  s c a t t e r i n g  d a ta .  T h is  d o es  not give a  good fit f o r  th e  
d a ta  fo r  th e  4 .4 3  MeV s ta t e  w h ich  i s  known to  b e  2+ . T he  v a lu e  
R0 = 4 . 6  fm  w hich  f i t s  th e  m in im u m  in  P e e l l e ' s  r e s u l t s  g iv e s  a 
b e t t e r  fit fo r  th i s  s t a t e .
The fu n c tio n s Jl (QR0) and j 3 (Q R q ) a r e  p lo t te d
to g e th e r  w ith  P e e l l e ' s  18. 9 MeV e x p e r im e n ta l  p o in ts  (P e  57) fo r
in e la s t i c  s c a t t e r i n g  to  th e  9. 63 MeV s ta t e ;  th e  v a lu e s  f o r  R q = 3. 3
fm  and R 0 = 4. 6 fm  a r e  show n  in  f ig u r e s  4a  and  4b.
It i s  d iff icu lt  to  co n c lu d e  any th in g  f r o m  th e s e  c u r v e s  e x ce p t
th a t  n e i th e r  c u rv e  g iv e s  a  r e a s o n a b le  fit  f o r  RQ = 3. 3 fm ,  and 
2
J3 g iv es  a  m o r e  r e a s o n a b le  fit  f o r  R q = 4 . 6 fm .
If R o d b e r g 's  id e a  (Ro 60a) of add ing  a p o te n t ia l  to  th e  
p a r t i c l e  e n e r g ie s  i s  u t i l i z e d ,  th e n ,  fo r  an  in t e r a c t i o n  r a d iu s  of 2 . 75
fm  fo r  C (as  u s e d  in  s e c t io n  2, s e e  ta b le  1), th e  m in im u m  in  th e
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F ig u r e  4a .
T he  d i f f e r e n t i a l  c r o s s  s e c t io n  cr ( m b / s r )  f o r  in e l a s t i c  n u c leo n
12s c a t t e r i n g  to  th e  9 .6 3  MeV s ta t e  in  C a s  a  fu n c tio n  of 0 (d e g re e s )
th e  c e n t r e - o f - m a s s  s c a t t e r i n g  a n g le .  The e x p e r im e n ta l  p o in ts  a r e
P e e l l e ' s  r e s u l t s  (P e  57) fo r  18. 9 MeV p r o to n s .  T he  th e o r e t i c a l
2c u r v e s  a r e j K  (QR 0 ) f o r  R = 3 . 3  f m ,  and K = 1 and K = 3. 
o  *
----- IC -3
O 60
0
120 180“
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F i g u r e  4b.
T he  d i f f e r e n t i a l  c r o s s  s e c t io n  <r ( m b / s r )  fo r  in e l a s t i c  n u c leo n
12s c a t t e r i n g  to  th e  9 .6 3  MeV s ta t e  in  C a s  a  fu n c tio n  of 9 (d e g re e s )  
th e  c e n t r e - o f - m a s s  s c a t t e r i n g  an g le .  T he  e x p e r im e n ta l  p o in ts  a r e  
P e e l l e ’s r e s u l t s  (P e  57) f o r  1 8 .9  MeV p ro to n s .  T he c u rv e  la b e l le d  
K = 3 V = 30 a s s u m e s  an  i n t e r a c t i o n  r a d iu s  R Q = 2. 75 fm  and an 
a d d i t iv e  p o te n t ia l  ^  = 30 M eV. The c u r v e s  la b e l le d  K = 1, K = 3 
a s s u m e  an  in t e r a c t i o n  r a d iu s  RQ = 4 .6  fm  and no a d d it iv e  p o te n t ia l .
-----K
----- IC -3
----- K s 3 V *30
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in e la s t i c  p ro to n  s c a t t e r i n g  r e s u l t s  f o r  th e  4 .4 3  MeV s ta t e  i s  f i t te d  
a s s u m in g  th a t  O  - 10  ^ = 7 ^  = 30 MeV; th e  v a lu e s  RQ = 2. 75 fm ,
O’-  30 MeV give th e  s a m e  c u rv e  as  R Q = 4 .6  fm ,  V~ -  0 MeV.
T h is  p o te n t ia l  and a r a d iu s  of 2. 75 fm  give r e s u l t s  f o r  th e  9. 63 
MeV s ta t e  w h ich  a r e  s i m i l a r  to  th o s e  f o r  RQ = 4 .6  fm  in  th e  
p re v io u s  c a lc u la t io n .  T he  c u rv e  f o r  K = 3 , 10’ = 30 M eV, R Q = 2. 75 
fm  is  p lo t te d  in  f ig u r e  4b. T h u s  th e  im p o r ta n t  q uan tity  i s  Q R q . 
T h is  c an  b e  g iven  a s u i ta b le  v a lu e  to  acco u n t f o r  so m e  e f fe c t s  of 
d i s to r t io n  by v a r y in g  e i t h e r  Q o r  R , and it i s  not a l to g e th e r  e a s y  
to  s a y  w hich  i s  m o r e  ju s t i f i a b le .
T h e r e  i s  th e n  s o m e  e v id e n c e  f o r  fa v o u r in g  a  sp in  
a s s ig n m e n t  of 3. It sh o u ld  b e  n o t ic e d  th a t  th e  c u r v e s  w hich  a s s u m e  
th a t  th e  r e a c t i o n  i s  ta k in g  p la c e  in  th e  s u r f a c e  fit  b e s t  at b a c k w a rd  
a n g le s .  It i s  in  t h i s  r e g io n  th a t  th e  s p in  d ependen t v o lu m e  i n t e r ­
a c t io n  t h e o r y  f a i le d  t o  fit  t h e  e x p e r im e n ta l  c u r v e s .
A ls o ,  an  e f fe c t iv e  i n c r e a s e  in  th e  e n e rg y  of th e  n u c leo n  
oc r e d u c e s  th e  e ffec t  of v a r i a t io n s  in  th e  in c id e n t  e n e rg y  of 
n u c leo n  ©con th e  d i f f e r e n t i a l  c r o s s  s e c t io n  w hich  i s  in  a c c o r d  w ith
e x p e r im e n ta l  o b s e r v a t io n .
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4. Spin  In d ep en d en t V olum e In te ra c t io n  T h e o ry
A c a lc u la t io n  is  m ad e  fo r  K = 3 and th e  s a m e  e n e rg y  
v a lu e s  u s in g  a s p in  in d ep en d en t vo lu m e in te r a c t io n  (C h a p te r  I I ,  
s e c t io n  3) and p la n e  w av es  fo r  th e  n u c leo n  . The s a m e  n u c le a r  
w ave fu n c tio n s  a r e  u se d  and  th e  d i r e c t  in te r a c t io n  p o te n tia l 
b e tw e e n  n u c le o n s  p and i s  g iven  by eq u a tio n s  (II. 8) and (II. 9). 
T h e  d i f f e r e n t ia l  c r o s s  s e c t io n  i s  g iven  by e q u a tio n  (II. 24) w ith  th e  
in te g r a ls
1i 2K + 1 -----------V
4 rr ° d r r (r) j (kfr) f TUL (r) h <kcr)
and w ith  , § z e r o .  T h e  r e s u l t s  of th is  c a lc u la t io n  (A) a r e
p lo tte d  in  f ig u re  5a . T he d if f e r e n t ia l  c r o s s  s e c t io n  show s l i t t l e  
r e la t io n  to  P e e l l e 's  e x p e r im e n ta l  p o in ts . B e t te r  r e s u l t s  a r e  
a c h ie v e d  by u s in g  m o d if ied  w ave n u m b e rs  a s  in  th e  p re v io u s  s e c t io n . 
T he a d d itiv e  p o te n tia ls  'l? u s e d  in  th e  v a r io u s  c a lc u la t io n s  a r e  show n 
in  ta b le  2.
T he c u rv e s  o b ta in e d  a r e  p lo tte d  in  f ig u r e s  5a and 5b, T he  
e x p e r im e n ta l  p o in ts  a p p e a r  to  lie  so m e w h e re  b e tw ee n  c u rv e s  D and 
F .  T h e  p o te n tia ls  u se d  m ay  only  b e  c o n s id e re d  a s  g iv ing  a g e n e r a l  
p ic tu r e  of th e  ty p e  of e ffe c t ta k in g  p la c e .
T h e se  c a lc u la t io n s  in d ic a te  th a t th e  n u c le a r  b o u n d a ry  is  
not s h a r p  (th is  w as p re v io u s ly  acc o u n te d  fo r  by  m e a n s  of a fo rm
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£ A B
A d d itiv e  P o te n tia l  
C D E F
0 0 20 30 30 20 30
1 0 20 30 20 10 15
2 0 20 30 10 5 5
3 0 20 30 0 0 0
4 0 20 30 0 0 0
T a b le  2. A d d itiv e  p o te n tia ls  V' in  MeV u se d  in  th e  sp in - in d e p e n d e n t
c a lc u la tio n
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F i g u r e  5 a .
T he  d i f f e r e n t ia l  c r o s s  s e c t io n  <r ( m b / s r )  fo r  in e la s t i c  n u c leo n
12s c a t t e r i n g  to  th e  9. 63 MeV s ta t e  in  C a s  a fu n c tio n  of 0 (d e g re e s )  
th e  c e n t r e - o f - m a s s  s c a t t e r i n g  an g le .  The e x p e r im e n ta l  p o in ts  
a r e  P e e l l e ' s  r e s u l t s  (P e  57) fo r  18. 9 MeV p ro to n s .  The c u r v e s  
A , B and C a r e  th o s e  f o r  th e  a d d it iv e  p o te n t ia l s  g iven  in  c o lu m n s  
A , B and C r e s p e c t iv e ly  in  ta b le  2.
e
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F ig u r e  5b.
T he d i f f e r e n t i a l  c r o s s  s e c t io n  ( m b / s r )  f o r  in e la s t i c  n u c leo n
12s c a t t e r i n g  to  the  9 .63  MeV s t a t e  in  C as  a  func tion  of 0 (d e g r e e s )  
th e  c e n t r e - o f - m a s s  s c a t t e r i n g  a n g le .  T he  e x p e r im e n ta l  p o in ts  
a r e  P e e l l e ' s  r e s u l t s  (Pe 5 7) fo r  18. 9 MeV p r o to n s .  T he c u r v e s  
D, E and F  a r e  th o s e  f o r  th e  a d d it iv e  p o te n t ia ls  g iven  in  c o lu m n s  
D, E and  F  r e s p e c t iv e ly  in  t a b le  2.
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f a c to r )  and th e  p a r t i a l  w av es  p e n e t r a t e  f u r th e r  in to  th e  n u c le u s  
a s  th e  £  v a lue  d e c r e a s e s .  A ls o ,  s in ce  th e  ad d it iv e  p o te n t ia l s  
u s e d  a r e  not a s  l a r g e  a s  th e  p o te n t ia l  w hich m ig h t  be e x p e c te d  at 
th e  c e n t r e  of th e  n u c leu s  i t  a p p e a r s  th a t  the  r e a c t i o n  t a k e s  p la c e  
m a in ly  in  th e  s u r f a c e .
5. C o n c lu s io n
It s e e m s  th a t  a  sp in  of 3 c an  be  a s s ig n e d  to  th e  9. 63 MeV 
s ta t e  in  C 12 in  a g r e e m e n t  w ith  th e  o th e r  ev id en ce  c i te d  p r e v io u s ly  
(C h a p te r  I).
T he  v a r io u s  f o r m u la e  w hich  have  b e e n  u s e d  d i f f e r  in  tw o 
m a in  r e s p e c t s :
(a) th e  n a tu r e  of th e  d i s to r t in g  p o te n t ia l ,
(b) w h e th e r  th e  d i r e c t  in t e r a c t i o n  b e tw ee n  n u c leo n s  (3 and 
t a k e s  p la c e  in  th e  s u r f a c e  of th e  n u c leu s  o r  th ro u g h o u t  th e  w hole  
v o lu m e  of th e  n u c le u s .
T he  fo llow ing  p a r t i a l  c o n c lu s io n s  have  b e en  r e a c h e d  on 
th e s e  p o in ts :
(a) D is to r t in g  e f fe c ts  a r e  im p o r ta n t .
(b) P o l a r i z a t i o n  m e a s u r e m e n t s  c a n  d e te r m in e  th e  im p o r ta n c e  
of s p in  dep en d en t e f fe c ts  s in c e  only a sp in  d ep en d en t d i s to r t i o n  
p r e d i c t s  p o la r iz a t io n .
(c) A sp in  d ep en d en t v o lu m e  in te r a c t io n  th e o r y  g ives  a  c u r v e  
w hich  f i ts  qu ite  w ell up to  abou t 120° bu t f a i l s  to  fit  at b a c k w a rd
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a n g les ;  t h i s  m ay  be  due to  a  p o o r  ch o ice  of p a r a m e t e r s .
(d) T h e  d i r e c t  s u r f a c e  in te r a c t io n  t h e o r y  a p p e a r s  to  acco u n t 
fo r  so m e  e f fe c ts  of d i s to r t io n  i f  the  c o r r e c t  v a lu e  of Q R q i s  u s e d  
in  j jß. (QRq ) j . T he  r e q u i r e d  va lue  can  b e  o b ta in ed  e i t h e r  by 
u s in g  a v a lu e  of th e  in te r a c t io n  ra d iu s  R Q w hich  i s  l a r g e r  th a n  
m igh t be  e x p e c te d  o r  by add ing  a p o te n t ia l  V *  to  th e  e n e r g y  of 
n u c leo n  <*■ w hich  i n c r e a s e s  Q and a llow s a s m a l l e r  v a lu e  of R Q 
to  be  u s e d .
(e) T h e  d i r e c t  s u r f a c e  in te r a c t io n  th e o r y  g iv e s  c u r v e s  w hich  fit 
at b a c k w a rd  a n g le s  and i t  m ay  be th a t  th e  r e a c t io n  e f fe c t iv e ly  t a k e s  
p la ce  in  th e  s u r f a c e .
(f) F a i r l y  good f i t s  c a n  be  ob ta ined  w ith  a  v o lu m e  i n t e r a c t i o n  
th e o r y  w hich  a s s u m e s  p lane  w aves  fo r  n u c leo n  oc , bu t  w h e re  d i s ­
to r t i o n  i s  t a k e n  in to  acco u n t by  m e an s  of a d d it iv e  p o te n t ia l s .  T he  
ad d it iv e  p o te n t ia l s  u s e d  have  v a lu e s  which m igh t b e  e x p ec te d  in  th e  
s u r f a c e  of th e  n u c le u s  r a t h e r  than  in  i t s  i n t e r i o r .  T h is  t e n d s  to  
c o n f i r m  th e  id e a  th a t  th e  r e a c t io n  e f fe c t iv e ly  t a k e s  p la c e  in  th e  
s u r f a c e .
F u r t h e r  c a lc u la t io n s  a r e  n eeded  b e fo re  c o n c lu s io n s  w hich
a r e  any m o r e  d e f in i te  m ay  be  given.
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C h a p te r  IV
ANGULAR DISTRIBUTIONS IN N U CL EO N -G A M M A  REA CTIO N S -
THEORY
1. In t ro d u c t io n
A f o r m u la  fo r  the  a n g u la r  d i s t r ib u t io n  of g a m m a - r a y s  
e m i t te d  fo llow ing  n u c leo n  b o m b a r d m e n t  of a n u c le u s  i s  d e r iv e d  
u s in g  s t a t i s t i c a l  and  e f f ic ie n cy  t e n s o r s  and a n g u la r  m o m e n tu m  
cou p lin g  te c h n iq u e s  (De 5 7); th e  f o r m a t io n  of r e s o n a n t  s t a t e s ,  
a  d i r e c t  r e a c t i o n  p r o c e s s  and t h e i r  i n t e r f e r e n c e  a r e  c o n s id e r e d .
T h is  f o r m u la  i s  u s e d  in  c h a p te r  V in  th e  s p e c ia l  c a s e  of
7 g
th e  L i  (p, )Be r e a c t io n  f o r  p ro to n  e n e r g ie s  up to  about 1 MeV.
2. D en sity  M a t r i c e s
A d e n s i ty  m a t r ix  (To 38 , Di 58) w hich  i s  r a t h e r  an a lo g o u s  
to  th e  d e n s i ty  in  c l a s s i c a l  m e c h a n ic s  c an  be  de fined  in  q u an tu m  
m e c h a n ic s  w hen t h e r e  i s  only l im i t e d  in f o r m a t io n ,  su f f ic ie n t  to  
give a s t a t i s t i c a l l y  s ig n if ic a n t  d e s c r ip t i o n  r a t h e r  th a n  a  c o m p le te  
q u a n tu m -m e c h a n ic a l  one . Such i s  th e  c a s e  in  th e  s tu d y  of a n g u la r  
c o r r e l a t i o n s .
In an  a s s e m b ly  of N s i m i l a r  s y s t e m s ,  th e  s t a t e  of one 
such  s y s t e m ,  th e  n th ,  m ay  b e  d e s c r ib e d  by  th e  w ave fu n c tio n  , 
w h e re
? n  = f  a n (q> U >
w h e re  u(q) r e p r e s e n t s  a c o m p le te  o r t h o - n o r m a l  s e t  of w ave fu n c t io n s .
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T he d e n s ity  m a t r ix  p i s  de f ined  a s  (To 38)
f V  = ^ 1  a n (q') a n (q) .
= a* (q 1) a n (q) , (1)
w h e re  th e  d o u b le - b a r  in d ic a te s  a v e r a g in g  o v e r  th e  w hole  a s s e m b ly .
T he d e n s i ty  m a t r ix  c a n  be  u s e d  to  c a lc u la te  th e  m e a n  
v a lu e  (which g iv e s  th e  s ig n if ic a n t  in fo rm a t io n )  of any o b s e r v a b le  
F  f o r  th e  s y s t e m s  in  th e  a s s e m b ly :
F = 1 f  (Vn^Vn) ■
= i  n" qq ' a n fa ')  a n fa) (u fa ')  F u  fa )), 
f q q ’ F q ’q ’
w h e re  F  , = (u (q 1) F u  (q)). Now eq u a t io n  (2) c an  be  w r i t t e n
f  = f < P F >qq-
= s u m  of d iag o n a l  e le m e n ts  of th e  m a t r ix  p F ,
= T r a c e  ( p F )  = T r a c e  (F p  ) . (3)
T he d e n s i ty  m a t r ix  c a n  be  com p o u n d ed  f r o m  s e p a r a t e  
f a c to r s  fo r  s y s t e m s  w hose  w ave fu n c tio n s  c a n  b e  f a c to r i z e d .
In a  s i m i l a r  m a n n e r ,  an e f f ic ie n cy  m a t r i x  £ c a n  be e m p lo y ed  
to  d e s c r ib e  th e  p r o p e r t i e s  of a d e te c t io n  eq u ip m e n t  w hose  r e s p o n s e  
is  not su f f ic ie n t  to  e n s u r e  th a t  th e  s y s t e m  s tu d ie d  i s  in  a  p u re  
q u a n tu m -m e c h a n ic a l  s t a t e .  T he  e f f ic ie n cy  m a t r i x ,  l ik e  th e  d e n s i ty  
m a t r i x ,  r e f e r s  to  an  a s s e m b ly  of such  p u re  s t a t e s .
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3. T h e o ry  of A n g u la r  C o r r e l a t i o n s
T he  p ro b a b i l i ty  of d e te c t io n  of a  c e r t a i n  s ta t e  (o r  s t a t e s )  
of a  s y s t e m  i s  g iven  by th e  a n g u la r  c o r r e l a t i o n  fu n c t io n ,  w h ich  i s  
of th e  fo rm :
w h e re  p i s  th e  d e n s i ty  m a t r ix  c o n ta in in g  in fo r m a t io n  about th e  
fo r m a t io n  of th e  s t a t e  and £ g ives  in fo r m a t io n  about th e  e x p e r im e n ta l  
a r r a n g e m e n t  f o r  th e  d e te c t io n  of th e  s t a t e .
o c c u r r e d ,  i s  c h a r a c t e r i z e d  by to ta l  a n g u la r  m o m e n tu m  a  w ith  
co m p o n en t °c and by o th e r  q u an tu m  n u m b e r s  A^, o r  by a 1, a : 1 
A j , . . .  , w h e re  t h e s e  q u an tu m  n u m b e r s  ta k e  th e  s a m e  v a lu e s  a s  
a , ° £ ,  A^ . (The q u a n t i t ie s  a , o c , A . ,  and a ' ,<=>c' , A^ c o r r e s p o n d  
to  th e  q u a n t i t ie s  q and q ' r e s p e c t iv e ly  u s e d  in  s e c t io n  2). A f te r  
th e  in t e r a c t i o n  th e  s t a t e  w h ich  h a s  b e e n  fo rm e d  h a s  th e  s a m e  to ta l  
a n g u la r  m o m e n tu m  and i s  c h a r a c t e r i z e d  by q u a n tu m  n u m b e r s  
a ,  oC, A^ o r  a ',o C ' , A |  , . . .  . The c o r r e s p o n d in g  d e n s i ty  m a t r i c e s  
a r e  w r i t t e n
The r e l a t io n  b e tw e e n  th e  d e n s i ty  m a t r ix  b e fo re  and a f t e r  the  i n t e r ­
a c t io n  i s  g iven  in  t e r m s  of th e  r e a c t io n  m a t r ix  / ? ,  w h e re
W = T r a c e  ( s p ) ( 4 )
The in i t i a l  s t a t e  of a  s y s t e m ,  b e fo re  any  in t e r a c t i o n  h a s
(a°cA- I p I a '  AJ ) ,
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/? -A -1 w hen  th e  x ^ - m a t r ix  f o r m a l i s m  i s  b e in g  u s e d ,  by  (Co 53,
Co 53a)
( a * A f I p  I a 'o c 'A J  ) = c o n s t  (a Af \H | a  A.)
(a=i Aj I p I a '  ° c 'A ' .  ) (a'AJ | lV \a '  A'  ) (5)
if 1Z i s  ind ep en d en t  of , ©c ' . F o r  a two s t a g e  p r o c e s s ,  f o r  
e x a m p l e  a r e s o n a n t  r e a c t i o n ,  th e  Ä - m a t r i x  e l e m e n t s  c a n  be 
f a c t o r i z e d
( a A f | f t  | a  A. ) = (a Af | ft ^  | a  A q ) (a A q | a  A .)  , (6)
w h e r e  A Q r e p r e s e n t s  a w e l l - d e f in e d  i n t e r m e d i a t e  s t a t e .
The  e f f ic ie n cy  m a t r i x  i s  de f ined  s i m i l a r l y ;  t h e n  the  
a n g u la r  c o r r e l a t i o n  func t ion  i s  in  t h e  f o r m  of e q u a t io n  (2) with  F  
r e p l a c e d  by £ ,
w  = Ü ' « o ü A fA ' f ( a * A f | | a ’ o t ' A p  (a'<=e'AJ | £ | a=cAf )
and w hen  eq u a t io n  (5) i s  u s e d ,  t h i s  b e c o m e s
W = c o n s t  (aAf \ f t  | a A ^ a ^ A .  \ p  | a ' « ' A |  )
(a 'A! | ^ r | a ’A p  (a'  ~ ' A £  | £\ ) . (7) 
The  s t a t i s t i c a l  t e n s o r  ^  ^ ^ ( a A , a ' A ’) i s  de f ined  as
fo llows:
( a « A | p |  a ' ^ ’A ' )  = ^ £ ( - ) a ' ' Ä ' ( a a ' o c - ^ ' l k ^  ^  ^  ( a A . a 'A
and s i m i l a r l y  f o r  th e  e f f ic ie n cy  t e n s o r  . The  a n g u l a r  c o r r e l a t i o n  
func t ion  m a y  be e x p r e s s e d  in  t e r m s  of t h e m :
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a ? A fA . i  X P ^ O ^ a ' A } ) 6 *  ^  ^  (a A ^ a 'A -)(8 )
The  s ta t is t ic a l  te n s o r fV*. is  an ir r e d u c ib le  te n s o r
o f ra n k  k  w h ic h  t ra n s fo rm s  a c c o rd in g  to  th e (2 k  + l)  - d im e n s io n a l a a
ir r e d u c ib le  re p re s e n ta t io n  'O fco f the  ro ta t io n  g ro u p  (see A p p e n d ix  
B  f o r  p ro p e r t ie s  o f th e  D  fu n c t io n )
?K x^ r ‘ , ^ / 3w  = 0 )
w h e re  R ( << ß V ) is  a r o ta t io n  o p e ra to r  s p e c ify in g  a r o ta t io n  th ro u g h  
th e  E u le r  a ng les  «  , p  , ^  . T hus  the  s ta t is t ic a l te n s o r  m ay  be 
t ra n s fo rm e d  f r o m  an a r b i ta r y  c o -o rd in a te  a x is  to  one a long  the  
d ir e c t io n  o f ra d ia t io n .
4. V a lu e s  o f S ta t is t ic a l and E f f ic ie n c y  T e n s o rs
The v a lu e s  (De 57) o f th e  s ta t is t ic a l and e f f ic ie n c y  te n s o rs  
to  be used  a re  g iv e n  b e low : 
a . Sp in  T e n s o rs
F o r  a n u c le u s  (p a r t ic le )  w h ic h  is  fo rm e d  w ith  a s p in  a 
and w ith  ra n d o m  o r ie n ta t io n ,  th a t i s ,  i t  has equ a l p r o b a b il i t y  o f 
b e in g  in  any one o f i t s  (2a + 1) s u b -s ta te s ,  the  d e n s ity  m a t r ix  is
(a ° t  A  I p |  a «6 ' A ' )
£ (<*<*  ' ) S ( A A ' )  
2a + 1
( 10 )
w h e re  o n ly  e le m e n ts  d ia g o n a l in  a c o n tr ib u te  to  the  s p in  d e n s ity  
m a t r ix .  The  c o r re s p o n d in g  s ta t is t ic a l te n s o r  is
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S (ka°) M X a°) S(AA’)
( 11 )
(2a + 1)2
If a  n u c le u s  b e in g  d e te c te d  h a s  s p in  c th e n  th e  e f f ic ie n c y  
m a t r i x  is
w h e re  a g a in ,  only th o s e  e le m e n ts  d ia g o n a l  in  c c o n t r ib u te .  T he  
c o r r e s p o n d in g  e f f ic ie n cy  t e n s o r  i s
to  th e  a v e r a g e  o v e r  in i t i a l  s p in  s t a t e s  and th e  s u m  o v e r  f in a l  sp in  
s t a t e s  u s e d  in  o th e r  a p p r o a c h e s  to  th e  c a lc u la t io n  of a n g u la r  c o r ­
r e l a t i o n s .
sp in  t e n s o r s  w ill  be  d i f f e r e n t  f o r  d i f f e re n t  sp in  s t a t e s .  If th e  sp in  
t e n s o r  i s  of r a n k  1, th e n  th e  c o m p o n en ts  m ay  b e  d e s c r ib e d  in  t e r m s  
of th e  to ta l  in te n s i ty  and th e  c o m p o n en ts  of th e  v e c to r  p o la r i z a t io n  P .  
T h e  d e f in i t io n  of th e  sp in  t e n s o r s  of r a n k s  0, 1 i s  f o r  sp in  s p a r t i c l e s  
(De 57)
(c * C I e I c V C )  = S (C C ')  S (  *  y >) ( 12 )
T h e s e  sp in  s t a t i s t i c a l  and e f f ic ie n cy  t e n s o r s  a r e  e q u iv a len t
F o r  a  p o la r i z e d  n u c le u s  ( p a r t i c le )  the  s t a t i s t i c a l  (e ff ic iency )
( 14 )
w h e re
t  00 (S,s)  = (2s  + 1)
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/ (s + 1) (2s + 1)3s P z
J2(s + 1) (2s + 1)3s (P x + i P y)  • (15 )
F o r  s ^  1 t e n s o r s  of ra n k  2, . . .  , 2s a r e  a ls o  r e q u ir e d .  S im on 
and W elto n  (Si 54a) h ave  d efined  a s e t  of te n s o r s  w h ich  d if fe r  by a 
n u m e r ic a l  c o n s ta n t f ro m  th e  o nes de fin ed  ab o v e , 
b . O rb ita l  a n g u la r  m o m e n tu m  te n s o r
c . G a m m a - ra d ia t io n
E le c tro m a g n e t ic  r a d ia t io n  i s  t r e a te d  by c o n s id e r in g  th e  
v e c to r  p o te n tia l  of th e  p h o to n s  a  s a  w ave fu n c tio n  fo r  a  p a r t ic le  
of s p in  o n e . T he m u ltip o le  e x p a n s io n  of th e  f ie ld  le a d s  to  tw o 
ty p e s  of m u lt ip o le s ,  e le c t r i c  and m a g n e tic , w hich  a r i s e  fo r  a  g iven  
v a lu e  of th e  m u lt ip o la r i ty  L ,  b u t h av e  d if fe re n t p a r i t i e s .  T h u s 
m a g n e tic  m u ltip o le s  c o r r e s p o n d  to  p = L  o n ly , w h e re  pT 
i s  th e  o r b i ta l  a n g u la r  m o m e n tu m  of th e  g a m m a - r a y ,  w ith  p a r i ty  
ff L  = ( - )p  + 1 . E le c t r ic  m u ltip o le s  s a t i s fy  TT  ^ = ( - )p  w ith
If a  p a r t i c le  i s  c o n s id e re d  as  a  p la n e  w av e , th e n  th e
o r b i ta l  a n g u la r  m o m e n tu m  t e n s o r  i s  g iven  by
(16)
PL = L  ± 1. In a d d itio n  th e  co m p o n en t of th e  v e c to r  p o te n tia l  of
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th e  pho to n s  i s  t  1, bu t  not 0 s in c e  lo n g i tu d in a l  pho tons  do not 
e x i s t .
F o r  u n p o la r iz e d  r a d ia t io n  th e  s t a t i s t i c a l  t e n s o r  f o r  th e  
f o r m a t io n  of a  s ta te  by  th e  a b s o r p t io n  of g a m m a - r a y s  of th e  s a m e  
ty p e  is
y  P L + P L ' +kL  (2 L + 1 )2 (2 L '+ 1 )2 L ' - l
= ( i  + ( - )  ) 1-------- 4 - ^ -------
i
(LL> l - l | k L 0 ) ^ ^  (R) , (17a)
and of d i f f e re n t  ty p e s  is
P*lxl ( L . L ’)
, P L + P L ' +kL  (2L+1)2 (2L+1)2 L ' - l :
1 d  + (-) ) - --------------- - ( - )
(L L ' 1-1 I kL  0 ) ^ o (R) . (17b)
F o r  e m is s io n  t h e s e  e x p r e s s io n s  m u s t  be  m u l t ip l ie d  by  2. T he 
a m b ig u ity  in  s ig n  in  e q u a tio n  (17b) a r i s e s  f r o m  tw o p o s s ib le  c o n v e n ­
t io n s  f o r  th e  c h o ice  of e le c t r o m a g n e t i c  p o te n t ia l s  r e p r e s e n t i n g  
th e  e l e c t r i c  m u l t ip o le s .  T h e  p lu s  s ig n  i s  c h o se n  h e r e .
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5. F o r m u l a  fo r  th e  A n g u la r  D is t r ib u t io n  in  N u c le o n -G a m m a  R e a c t io n s  
An in c o m in g  nu c leo n  of sp in  s and o r b i t a l  a n g u la r  m o m e n tu m  
J? r e a c t s  w ith  a  n u c le u s  of sp in  I  and a g a m m a - r a y  of m u l t ip o la r i ty  L 
i s  e m i t te d  w ith  th e  f o r m a t io n  of a n u c le a r  s ta t e  of sp in  J .  T he  
a n g u la r  c o r r e l a t i o n  fu n c tio n  i s
kj * j
(18)
Tw o p r o c e s s e s ,  c o r r e s p o n d in g  to  a r e s o n a n t  p r o c e s s  and 
a d i r e c t  p r o c e s s ,  a r e  c o n s id e r e d  t o g e th e r  w ith  t h e i r  i n t e r f e r e n c e .
In b o th  c a s e s  th e  n u c leo n  sp in  s and th e  n u c le a r  s p in  I  a r e  co m b in ed  
to  g ive  th e  c h a n n e l  sp in  S. In  th e  r e s o n a n t  p r o c e s s ,  th e  ch an n e l  
sp in  S and  th e  o r b i t a l  a n g u la r  m o m e n tu m  £  a r e  c o m b in ed  to  give 
th e  s p in  J  of a  d e f in i te  r e s o n a n t  s t a t e  w hich  th e n  d e c a y s  by e m is s io n  
of a  g a m m a - r a y  to  give th e  f in a l  n u c le a r  s ta te ;  t h e r e  i s  a c o r r e s ­
ponding  a n g u la r  c o r r e l a t i o n  fu n c tio n  W ^ eg . In th e  d i r e c t  p r o c e s s ,  
a  g a m m a - r a y  i s  e m i t te d  by th e  n u c leo n  to  ch an g e  i t s  o r b i t a l  a n g u la r  
m o m e n tu m  f r o m  £  to  £  and £  i s  c o m b in e d  w ith  th e  ch an n e l  sp in  
to  g ive  th e  f in a l  n u c l e a r  s ta t e ;  th e  a n g u la r  c o r r e l a t i o n  func tion  i s  
W o i r  • T h e  a n g u la r  c o r r e l a t i o n  fu n c tio n  fo r  th e  i n t e r f e r e n c e  of 
th e s e  tw o p r o c e s s e s  is  la b e l le d  W jn£ . T h u s ,  th e  a n g u la r  c o r r e l a t i o n  
fu n c tio n  i s  c o m p o se d  of t h r e e  p a r t s :
W + W _ . + W_ .
R es  D i r  Inf
W (19)
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F o r  b o th  p r o c e s s e s  and t h e i r  i n t e r f e r e n c e  th e  e f f ic ie n cy  
t e n s o r  8 , v ( J , J ) i s  s im p ly
£ | piyn ( J , J )  = (23 + l)^S(kjO)S( >CjO) , (20)
f r o m  e q u a t io n  (13). By a r e c o u p l in g  of th e  a n g u la r  m o m e n ta  th e
s t a t i s t i c a l  t e n s o r  p ( J ,  J )  i s  com pounded  f r o m  th e  fo llow ingI k7x.T
t e n s o r s ,  w h ich  w e re  g iven  in  e q u a tio n s  (11), (14), (16) and (17)
sp in  
r k z Kj
S(kjO) S ( X j  0)
(i,i) = i (21a)
(21 + l ) 2
Ä ( s , s ) = 2 .  ( s . s )  (R x) , (21b)
f K ( £ .£ ' )  = ( V (2^ +1)l ^ 2i,,+- - )2 ( ^ ' 0 0 ^ 0 )  Ü ^ 0 (R x) .
(21c)
w h e re  s p e c i f i e s  th e  r o ta t io n  f r o m  an  a r b i t a r y  d i r e c t io n  to  th e
sp ind i r e c t io n  of p ro p a g a t io n  of th e  n u c leo n  and th e  v a lu e s  of ( s , s )
a r e  a s  g iven  in  e q u a t io n  (15)^
p ^ L . L ' )  = * ( ! + ( - )
pL + P D +kL } ( j L ' - l  (2L+1)* (2 L ’+1)*
4TT
i
(L L ' 1-1  I kT 0) i ? x "o (R„) ,TL” ' ~  X. ov~“2' > (21d)
w h e re  Rg s p e c i f i e s  th e  r o ta t io n  f r o m  th e  s a m e  a r b i t a r y  d i r e c t io n
to  th e  d i r e c t io n  of e m is s io n  of th e  g a m m a - r a d ia t io n .  It i s  p o s s ib le
to  c o n s id e r  any p o la r i z a t io n  e f fe c ts  w hich  m ay  o c c u r ;  p o la r iz a t io n
of th e  in c o m in g  n u c leo n  i s  c o n s id e r e d .  T he  m a n n e r  of r e c o u p l in g
d ep en d s  up o n  w hich  p r o c e s s  i s  b e in g  c o n s id e r e d  and th e  e x p r e s s io n
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is  q u ite  c o m p l ic a te d  a s  can  be  s e e n  f r o m  th e  e x p r e s s io n s  fo r  W 
in  e q u a t io n  (22), W in  e q u a t io n  (28) and in  eq u a tio n  (33) .
T h e  fo llow ing  r e a c t io n  m a t r ix  e le m e n ts  w hich  c o n ta in  
th e  d e ta i l s  of the  n u c l e a r  w ave fu n c t io n s  a r e  u s e d :
(a) fo r  th e  f o r m a t io n  of a r e s o n a n t  s t a t e  ( J : S i : I )  ,
(b) f o r  th e  d e c a y  of a  r e s o n a n t  s ta t e  ( J :L : J )  ,
(c) fo r  th e  d i r e c t  p r o c e s s  ( J : S ( £ L ) i : I )  .
T he  a n g u la r  c o r r e l a t i o n  fu n c tio n  f o r  th e  r e s o n a n t  p r o c e s s  
is
^ R e s  ~ S S ' ^  ,L L 'J k Ik3k5k<?k jk Lk 3- Xx x s x L x T
P $ £  ( I . : i )  P Tx"<s .■b ) p
p * ( L , L ' ) d  ^  ( J . J )  (kjkg X, x 5 | k s XI + Xr )
(ks k^ X^+X,. -X s I k j  Xj - )(k j k ^  X7-kL XL jk^jXj)
< [f (Is )S^j JL.] J , [ [ ( I s )S ' i  '] JL . '1J , k j |  L {( I I )k j , (s s )k j]k s , ( k j ,  (L .L1 )kL,k j>
(J : S i  : i f  (J  : S '*  1 : I) (J : L  : J )*  (J  : L '  : J )  . (22)
W hen th e  v a lu e s  f o r  th e  s t a t i s t i c a l  and e f f ic ie n c y  t e n s o r s  
e q u a t io n s  (20), (21) a r e  s u b s t i t u t e d ,  eq u a tio n  (22) b e c o m e s
_1___  (2 J+ 1 )2
(4TT)2 ( 2 I + l f
r __  j pu+ PL. + k L
R es  ___ 2 t i  S S W J L L ' k ^ k . X , * ^ ;  5 (1+(‘ ) L )
{ (2 f '+ l)  (2ke+ l ) (2L+1) ( 2 L '+ l ) j  2 (- )L ' _1 ( V  '00l ^ ° )
(L L '1 -1 1  kL0) (OkjO Xs I k s Xä ) (k ,k j Xs - *L -X, | k L-X J
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<t[ ( I5) S £ j J L ] J , [ { ( I s ) S ^ l} J L f] J , 0 | [ { ( I I ) 0 >( s s ) k s}k5, ( ^ ' ) k J k L,(LL:jkL, 0 >
r e d u c e d  by  re c o u p l in g  the a n g u la r  m o m e n ta ,  w h e re  r e l a t io n s  w hich 
a r e  g iven  in  A ppendix  A s e c t io n  3 and w hich  invo lve  9j s y m b o ls  a r e  
u s e d  in  th e  l a s t  tw o  s t e p s  :
<[{(I5) S £ i J L ] J , [ f ( I s ) S ' i ' } J L lJ J , 0 | [ i ( I I ) 0 >(ss )k5i k 5 , ( « ' ) k e] k L>(LLi)kL , 0>
= < ( J L ) J ,  ( J L ' ) J , 0  I ( J J )  k L , ( L L ' ) k L>0>
<[{(Is)S?jJ,{(I5)S'Je ' j j ] k L|L{ (I I )0 , (s s )ksjks , ( / ^ ' ) l ^ ] k L>
= < ( J L ) J , ( J L ' ) J , 0 |  ( J J )k L , (LL’; k u ,0 >
< ( S / ) J , ( S ' / ' ) J , k L | (SS')ks , ( / ^ ' ) k 2 , k L>
<(Is)S, (Is)S’ , k s I (11)0, ( s s ) k 5 , k s>
(J :S£ : I )*  (J : S ' / '  :I) (J  : L :  j f  (J : L ' :  J )  . (23)
T he  a n g u la r  m o m e n tu m  cou p lin g  c o e f f ic ien t  m ay  be
J  L  J s a j
(2J  + 1) (2kL+ l )  J  L '  J  (2J  + 1) (2ks + l )* (2k£+ 1)
±
S' i  ' J
k L k L 0 k s k£ k
s S
i
s S'
0 ks k
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J + k - L ' - J  , 4
(") " U(JL-'JLjJkJ (2J + 1) (2k£ + l ) 2
I+k - S ' - s  (2S+1J2 (2S'+1)2
(-) s -_____ — ______-  U ( s S ’sS:Ik 5 ) .
(21 +  1 )
S I  J
S' / 1 J
k s k £ k L
(24)
When the re la t ions  be tw een  the e lem en ts  of the rotation  
m a t r ic e s  g iven in Appendix B are u s e d ,  the sum m ation  over  
X s can be c a rr ied  out
1 -  ((0ks0 Xs | k 5 xs )(k5k^ Xs - X L -Xs I k L- X L ) (kLk L - X L * L | 00)
f f c S  (s ' s > < x s' (R l )  ^ -x% s0 (R l )  (r 2)
•  ß  /  \ k  +  X L  ^
ZL ( s .s ) (k5k*x;o L i -------- 4 * ; 0 (r 2)
£ -
(2kL+ 1)2
( - ) ( s , s )  (k s k  ^ X&0 | k 5 x 5 ) Ü * S  (r ' 1 R ) .
**(2kL + 1)2
(25)
Hence  fr o m  equations  (23),  (24) and (25) the angular  
c o rr e la t io n  function for the resonant  p r o c e s s  i s
.  1 (2J+1)2 2 1  lf1 , . .
R es  " ( 4 IT )2 (21 + 1)3 S S ' / ^ ' J L L ' k s k 4 k t X4 * ( ! + ( - )
^L' - 1 + k + k L - L' - J f  ^ I + k s - S'-s
P L + P i^ + k,
(-) ( - > (2J + l ) ( 2 k , +  1)
{ ( 2 0 ’+1) (2L+1) (2L'+1) (2S+1) (2S'+1) (2kL+ l ) " M  2f L ( s , s )
^ 3  * S
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(k5 k ,  * 5 0 | k L Xs ) ( k ^ ' O O U O )  ( L L ’l - l [ k L 0)
S JL J
U ( J L ' J L  : J k L) U (sS ' sS  : I k s ) S' & ' J  
k 5 k£ k L
(J : S £ :  i f  (J : S ' £ '  : I) (J : L  : J f  (J : L ' :  i ) P ^ * 0 (R ^ 1 R 2)
(26)
If th e  n u c leo n  i s  u n p o l a r i z e d ,  th a t  i s ,
sp inr k,x“<s-s>= <2s + *) s<k3 °)s (*s °) -
t h e n  t h e  a n g u l a r  c o r r e l a t i o n  func t ion  i s
_ 1 (2J  + 1) Z L  i a  , , p ^ Pl + k  .
WR e s  l  S J2&'J L L ’k z(l  + ( - )  )
(4TT )2 (21+1) (2 s+ l )  
k+L+1+£ + £
( - ) (2 L '+ 1 ) 2 (kj21 001 £ 0 )  (LL* 1-1 | k  0)
U ( k J £ S : J £ ' )  U ( k L ' J J  : L J )  (J : S i 7: I) (J : S # '  : I)
(J : L  : J f  (J  : L ' :  J )  Y ^ ( 0 )  , (27)
w h e r e  0 i s  th e  ang le  b e t w e e n  th e  d i r e c t i o n  of e m i s s i o n  of th e  
g a m m a  r a y  and th e  d i r e c t i o n  of p r o p a g a t i o n  of th e  n u c leo n ,  and 
k = k £ = k L .
The  a n g u l a r  c o r r e l a t i o n  func t ion  fo r  th e  d i r e c t  p r o c e s s  i s  
WD i r  = S S ' y ^ ' L L ' i  k j k ,  k j k ^ k g k L k j .  X., x 5 X|_ v
sp in o rb
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(J.J) (kjk ,  x s | k s Xx+ X s ) 
(k^kL x 3 _ x t -Xj  - X s XL[k^ Xj - XL - x s )
(k$ k^ Xj + X-g X j - X j X g ^ k j X j )
<[(I i )S ,(*L)£)J ,[(Is )S ' ,(*  'L '^ J J .k j  )[(II)kj , (s s ) k s]k 5 , ^ ^ 1 )1^, (LL ' ) k ^ ,
(J : S(£L ) / :  i f  (J  : S '(£ 'L ' ) | :  I) . (28)
A f te r  th e  v a lu e s  f o r  th e  s t a t i s t i c a l  and e f f ic ie n c y  t e n s o r s  
e q u a t io n s  (20), (21) a r e  s u b s t i tu te d  th e  a n g u la r  m o m e n tu m  coup ling
c o e f f ic ie n t  i s  r e d u c e d  a s  b e f o r e ,  th u s
< [(Is  )S , (?L )4)J, [(Is  )S ■', (£'L 1' )£ ]J , 0| [(11)0, (s s  )ks] ks , [(££' ) k e , (L L ' Jkj k s , 0 >
= < ( S / ) J ,  ( S '/  ) J , 0 ( (SS1 )ks , ( / £  )ks , 0>
< [ ( I s )S , (Is )S 'Jk5 , [«?L ) £ ,  (£ 'L ' )f]k5, 0 1[(11)0, (s s )k 5] k s , \ ( t e  )k£ , (L L ' )kL] k s , 0> 
= <(S ß)J , (S '£)J , 0 1 (SS ' )ks , ( t  £  )ks , 0>
< (Is)S , ( I s ) S ', k s I ( I I ) 0 ,( s s ) k s , k s>
< ( £ L ) | , ( * ” L ' ) £ , k s | ( £ £ " j k e  , ( L L ') k L , k 5>
1
= (_)J + k s - £ - s  u ( S ’/ S / : J k s ) {(2S+1) (2S’+1) (2I+1)-1 (2ks + 1 )" 1 j
I+ lc -S ' -S  JL i
(- )  U (s S ’sS:Ik5 ) ( 2£  + l)(2 k £+ l ) 2(2 k L+ l ) 2
' & L £
i* L' £
k L k <
( 29 )
A ls o ,  th e  s u m m a t io n  o v e r  X.s , X L is
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(OksO X&| k 5 Xs )(kgk^ Xs - XL \ | k s-Xs )(ksk5 Xs x5 | 0 0 )
*s*i*S
r ( s , s )  (R i ) ^ . Xs0 ( Ri ) ( R 2)
k^+ Xs 4- xL+k£ +kL - k
*L
■■Z- . ( - )XSX,_X j
( - )k s~*s
(2ks + 1)
2ks +l - 5
2k L+ l
(k5k  ^ xs -XL-XS | k L- X J
I  f ' g l ’J j  ( s , s ) i ? Xs^  (R x) X ? ^ 0(R 1) ^  (R2)
/
2  ' r  ?Pin  „ U H ,  v ' f l l  lr /TD W «  V
*■•*» (2kL + l ) i
i  r tfx. ( s . s M k ^ o i k ^ ß ^ ^ H - r  ü^ ( R 2)
£
*s
( - ) k L
-1 r f pij "  ( s . s K k . k  ^ o l k ^ , )  ( R i 1 R 2 ) •
(2k L + 1 ) 2 ***» (30 )
Now th e  a n g u la r  c o r r e l a t i o n  fu n c tio n  f o r  the  d i r e c t  p r o c e s s  
c an  be  w r i t t e n
1 (2J + 1 )2 £ 1  x  + , P L + p L' + k
j S S 'i’^ 'L L 'I^ k ^ k ^ j  2' x >D ir  9
(4 TT Y(21+ 1)3
L ' - l + k ,  J  + k«-j?- S I + k ,  - S'  - s 
( - )  L (- )  ( - )  (2 £ + l ) ( 2k £ + 1)
[(2 £ ' + l )  (2L + 1)(2L ' + 1 ) (2S+1) (2S '+ 1) (2k 5 + 1) " 1]  2 f  ( s , s )
( k s k£ Xs 0 | k LXs ) (k£ 2 ' 0 0 l £ 0 ) ( L L ' l - - i | k L 0 )
" a L £
U ( S ' i S £ :  J k s ) U (sS ' sS  : Iks ) L ' £
k L ks
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(J: S ( « L )& : i f  (J : S' (V'L')i : I) 0 ^  (R^1 R 2) . (31)
F o r  u n p o l a r i z e d  n u c leo n s  equ a t io n  (31) r e d u c e s  to
(2J + 1)
DxF (4 IT (21 + 1 )(2s + 1)
z
S i ^ ' L L ’/ k
i , P, + P J +  k
i ( i  + (- )  L )
(_)k + L + 1 + ^ + £ ' ( 2 L '  + l ) 2 ( k ^ 100 ) £ 0 )  ( L L '1 - 1  | kO) U (k L '* 0  : L P )
(J : S ( ^ L )Q : I) (J : S ( £ ' L / ) £  : I) YkQ (0) . (32)
T he  a n g u l a r  c o r r e l a t i o n  func t ion  f o r  th e  i n t e r f e r e n c e  
b e tw e e n  t h e  r e s o n a n t  and  d i r e c t  p r o c e s s e s  i s
WInf “ SS 1 £d  ' L L '£  J k T k s k $ k £ k L k i k J x x x s xLx T
r < s - s >
(J -J ) ks x i  x>lk s ^  + )
(k£ k L XT-K,.-x i - x5kL)k4 X ^ - x I - X ,  )(ks k? X l  + X a X ,  -  X l  -  X5 | k T X,) 
< [£(Is)se}JL] J , [(Is ) S ' , ( ^ L ' ) # ] J , k j  I [ (II)k j , ( s s K ]  ks , [(iv )kj , ( L L ’ ) k j k , , k 3>
2 R e [ ( J  : : j f  (J  : L ; j f  (J  : S'  ( e ' L ' ) £  :I) . (33)
A f t e r  th e  v a l u e s  f o r  t h e  s t a t i s t i c a l  and e f f ic ien cy  t e n s o r s  
e q u a t io n s  (20),  (21) a r e  s u b s t i t u t e d  the  a n g u la r  m o m e n t u m  coup l ing  
c o e f f ic ien t  m a y  be  r e d u c e d  a s  b e f o r e ,  th u s
<ti( Is )Si}JL] J , [(Is )S ' ,  ( / 'L ' )l]J, 0 1 [ (II ) 0 , (s s  )ks] k5 , [(ee )k£ , ( L L ' )k j  k , , 0>
= < ( S ^ ) J , L , J |  S,  ( ^ L ) i , J >
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< [(Is )S , (e L  )£]J, [(Is )S' ,  ( /  'L  * ) # J , 0 1 [(11)0, (s s  J k jk ,  , [(* / ' )k£ , ( L L ' )kL] k* , 0> ,
(34)
w h e re  < ( S £ ) J , L , j |  S , ( ? L ) f  , J > =  U (S ^ JL  : J £ ) and f u r t h e r  
r e d u c t io n  of th e  a n g u la r  m o m e n tu m  coup ling  c o e f f ic ien t  i s  th e  s a m e  
as th e  r e d u c t io n  of th e  a n g u la r  m o m e n tu m  c o u p lin g  c o e f f ic ie n t  f o r  
the  d i r e c t  p r o c e s s .  T he  s u m m a t io n  o v e r  Xs , XL is  th e  s a m e  as  
in  th e  d i r e c t  p r o c e s s .
N ow , th e  a n g u la r  c o r r e l a t i o n  fu n c tio n  f o r  th e  i n t e r f e r e n c e  
b e tw e e n  th e  r e s o n a n t  and d i r e c t  p r o c e s s  c a n  be  w r i t t e n
w = _ J _  (H ilf  2. i(1 + n  p,+ p.+ ^  ,
Inf (4IT)2 (2I + 1) |  S S ' ^ ' L L ' / J k s kt kL*s 2t )
, .L '  - 1 + k, , J  + k ,  - /  - S I + ks - S ' - s
( - )  u ( - )  5 -  ( - )  (21  + l ) ( 2 k ^  + 1)
J ( 2 ^ ’+ l )  (2L+1) (2L-+1) (2S+1) (2S'+1) (2ks + l ) “ 1i 2 V ( s , s )
(ksk 4X50| k LXi ) ( k ^ ' 0 0 U  0 ) (L L '1 -1 1  kL0) U ( S ^ J L  : J / )
U ( S ' |  SC : Jk s ) U (sS ' sS  : Iks )
/ L i  
/ '  L '  1
2 R e [ ( J : S ^  : l f  ( J : L : J ) *  ( J : S ' ( / ' L ' ) f  :I )] i? ** s 0
( 35 )
F o r  u n p o la r iz e d  n u c le o n s  e q u a t io n  (35) r e d u c e s  to
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WInf
_L___ 2J + 1
( 4 TT )3 (2I + l ) ( 2 s  + l )
z .
S / 4  ’L L 1 £ Jk i d  +  ( - ) P L +  p " ' +  k )
k + L  + l + / + / '  -
( - )  (2L '  + 1 )2 (kg'OOl eO) ( L L 11 - 1 1 kO) U(S.f J L : J £ )
U ( k L V f  : L T )  2 R e [ ( J : S 2 : I ) *  ( J : L : J ) *  (J : S( g ' L ' )£ :I ) J  Y (0) .
(36)
T h e  a n g u l a r  d i s t r i b u t i o n  i s  given by
ö“ = fi2W (37)
w h e r e  A 2 i s  th e  n u c leo n  w a v e - l e n g th  in  th e  c e n t r e - o f - m a s s  c o ­
o r d in a t e  s y s t e m ;  f r o m  eq u a t io n s  (26), (31),  (35) and (37) the  
a n g u l a r  d i s t r i b u t i o n  i s
Ö -*  A2 (2J + 1 )2 £ .
O ---------- j  S S ' / £  ' L L ' k sk,k, X,
(47T Y  (21 + 1)5  5 * L s
P, + P,» + k, 
! ( !  + ( - )  )
( . ) L ' - l + k L^(2 ^ l+1) (2 £ + 1 ) (2L+1) (2L '+1) (2S+1) (2 S '+ l ) j  2 (2k^+ l)
f  ( s , s ) ( k sk<Xs0 |k LX3) ( k ^ ' 0 0 U 0 ) ( L L ' l - l | k L0 ) ^  ( R ' 1 R 2 )K* -1
£  (2J+1) ^ ( - ) J+ V L ' - J ( - ) I+ks - s ' - s u g L ' J L : J k L)U(sS,sS : Iks )
(2kL+ 1 )■
S I J
S'  i'  J
k S k e k L
( J : S i  : I )  ( J : S ' / ' : I )  ( J : L :  J)* ( J : L ' : J )
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+ j _ ( 2 i + l ] _  ^_^J+kä - i - S  ^ j l + k j - S ' - s  U (S i ^ S £ . j k j ) u ( s S ' s S : I k s) 
" (2ks + 1)2
i  L  £ 
l' L '  i  
k» k L k s
( J : S ( 0 L ) £  : I )  ( J : S ' ( < ? ' L ' ) |  : I)
+ £  (2- +1 \  ( - ) J+ + ' - ' S ( . ) I+^ ' S ' ' s  u ( s £ j L : J 0 )  U ( S ! 0 S 0 : J k s)
- -  (2ks + l)2
U ( s S ' s S : Iks )
i  L i
l '  L '  £
k* kL k s
2 R e [ ( J : S £  : I)* ( J : L :  J )*(J :S '(0 'L ')0:l j ]
(38)
If th e  n u c leo n s  a r e  u n p o l a r i z e d  th e n  th e  e x p r e s s i o n  f o r  the  
c r o s s  s e c t i o n  i s  f r o m  e q u a t io n s  (27), (32),  (36) and (37) ,
2 -  -  Zo~ 2J + 1
(4TT )* (21+1 ) ( 2 s + l ) 
k + L + l + i + jV
' L L ' k  2(1 + (-)
P L + Pj + k
( - ) (2 L '+ 1 )2 (k£ '00 I 0 0) ( L L '1 - 1  I kO) Y, (0)
j -  U(kJ0 S :J  C')U ( k L ' J J : L J )  ( J :S0 :I )*  ( J :S .€ ' : I ) ( J :L :J )*  ( J j L ' - J )
+ f u ( k L y / : L / ' )  ( J : S ( 0 L ) 0 : I )  ( J : S ( ^ 'L ' ) 0 : I )
+ £^ U ( S £ J L : J ^ )  U ( k L W  : L 0 ' )  2Re (_(J:S0:I) ( J : L : J )  ( J :S(£ 'L ' )0  :I)J
( 39 )
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E q u a t io n  (39) is  u s e d  in  C h a p te r  V to  fit th e  a n g u la r
7 8d is t r ib u t io n  of g a m m a - r a y s  f r o m  th e  r e a c t io n  L i ‘ (p, X )Be . 
E q u a t io n  (38) i s  u s e d  in  a  b r i e f  d is c u s s io n  of th e  e f fe c ts  to  be  
e x p e c te d  if  p o la r i z e d  p ro to n s  a r e  u s e d .
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C h a p te r  V
ANGULAR DISTRIBUTION IN N U CLEO N -G A M M A  REACTIONS 
COM PARISON WITH E X P E R IM E N T
1. The L i W  )Be ^ R e a c t io n  
7 8T he  L i  (p, y  )Be r e a c t io n  h a s  b e e n  in v e s t ig a te d  by n u m e ro u s
w o r k e r s  (Aj 59) and it i s  co n v en ien t  to  s u m m a r i z e  th e  in fo r m a t io n  
7
about (Li + p) r e a c t i o n s  up to  a  p ro to n  e n e rg y  of about 1 MeV.
7 8R e s o n a n c e s  in  th e  L i  (p, y )Be r e a c t io n  have  b e en
o b s e r v e d  (Bo 4 8 , K r  54, P r  54) at p ro to n  e n e r g ie s  of 441 keV  and
1030 keV . G a m m a - r a y s  of e n e rg y  (17. 2 + \ E ) and (14. 3 + |  E )
P P
have  b e e n  o b s e r v e d  c o r r e s p o n d in g  to  t r a n s i t i o n s  to  th e  g round  s ta te  
and th e  2. 9 MeV s ta t e  of B e^  r e s p e c t iv e ly ,  (Wa 4 8 , St 51). T h e s e  
s t a t e s  in  B e^  h av e  J 17 = 0+ , 2+ r e s p e c t iv e ly  (Aj 59). A bove th e  
441 keV r e s o n a n c e  th e  c r o s s  s e c t io n  i s  l a r g e r  th a n  c a n  b e  ex p la in ed  
in  t e r m s  of n e ig h b o u r in g  r e s o n a n c e s  (Bo 48 , Wi 54) and the  w eak  
1030 keV  r e s o n a n c e  i s  s u p e r im p o s e d  on a  s te a d i ly  r i s i n g  n o n - r e s o n a n t  
b a c k g ro u n d  (K r 54, P r  54). T he  a n g u la r  d i s t r ib u t io n s  of th e  tw o  
u n r e s o lv e d  g a m m a - r a y s  h av e  b e e n  r e p o r t e d  at E = 4 40 , 650 and
.H
880 keV  (De 49),  and b e tw e e n  880 and 1240 keV  (K r 54), and of th e  
r e s o lv e d  g a m m a  r a y s  a t 441 keV  (Ne 58, Me 61) and  at s m a l l  e n e rg y  
i n t e r v a l s  b e tw e e n  200 and 1100 keV  (Ma 60b).
A n o m a l ie s  in  th e  c r o s s  s e c t io n  f o r  e l a s t i c  s c a t t e r i n g  of
7
p ro to n s  by L i h av e  b e e n  o b s e r v e d  at th e  441 keV  and the  1030 keV  
r e s o n a n c e s  (Wa 53). T h e  in e l a s t i c  p ro to n  s c a t t e r i n g  d a ta
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(Li 50 , B r  51, Mo 54) show a r e s o n a n c e  at 1030 keV .
7 8The g a m m a - r a d i a t i o n  in  th e  r e a c t i o n  L i (p ,Y  )Be is  
e s s e n t i a l l y  i s o t r o p ic  at th e  441 keV r e s o n a n c e .  I s o t ro p y  c an  o c c u r  
i f  th e  r e s o n a n t  s t a t e  i s  f o r m e d  by s -w a v e  p r o to n s ,  bu t th e  g a m m a -  
r a d ia t io n  h a s  b e e n  show n to  b e  m a g n e t ic  d ipo le  (De 54) w hich  
in d ic a te s  p -w a v e  (o r  f - w a v e ) fo rm a t io n  (but s e e  Si 60). I s o t ro p y  
c a n  o c c u r  f o r  p -w a v e  fo r m a t io n  if a  s p e c ia l  v a lu e  of ch an n e l  sp in  
r a t i o  i s  u s e d  (De 50), n a m e ly  ( # * ) / ( £ ?  )x = 5 (Li 55). T he  g a m m a -  
w id th  of th e  s t a t e  in d ic a te s  a  d ipo le  t r a n s i t i o n ,  so  it  f a i r l y  d e f in i te ly  
h a s  s p in  1, it i s  only  th e  p a r i ty  w hich  i s  in  doubt.
If t h e r e  i s  so m e  a n i s t r o p y  th e n  th i s  c an  be  u s e d  to  d e te r m in e  
th e  ch an n e l  sp in  r a t i o .  T h u s  v a lu e s  of 4 . 1 I  0. 1 (Ne 58) and 
3 .2  : 0. 5 (Me 61) have  b e e n  s u g g e s te d .  In  b o th  c a s e s  a  t a r g e t  
th i c k n e s s  of 20 keV  w as u sed ;  t h i s  i s  g r e a t e r  th a n  th e  w idth  of th e  
r e s o n a n c e  so  s o m e  a v e r a g in g  m ay  have  o c c u r r e d .
A p h a se  sh if t  a n a ly s i s  (Li 55) of th e  e l a s t i c  p ro to n  s c a t t e r i n g  
g iv es  a  r e a s o n a b le  f i t  at th e  441 keV re s o n a n c e  a s s u m in g  p -w a v e  
fo r m a t io n  and  a  c h an n e l  s p in  r a t i o  of 5 , bu t a  s m a l l  change  in  
c h an n e l  sp in  r a t i o  m ay  not e f fec t  th e  r e s u l t s  g re a t ly .
If th e  s t a t e  c o r r e s p o n d in g  to  th e  441 keV  r e s o n a n c e  is  
a s s u m e d  to  be  f o r m e d  by  p -w a v e  p ro to n s  and have  J 17 = 1+ , th e n  
it w il l  decay  to  th e  2. 9 MeV s ta t e  ( J^  = 2+ ) of B e^  by th e  e m is s io n
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of a  m ix tu r e  of m a g n e t ic  d ip o le  and e l e c t r i c  q u a d ru p o le  r a d ia t io n .
W ith  th is  a s s u m p t io n ,  a  v a lu e  of th e  e l e c t r i c  q u a d ru p o le  to  m a g n e t ic
d ipo le  a m p li tu d e  r a t i o  h a s  b e e n  d ed u ced  (G r 60) f r o m  th e  g a m m a -
7 8a lp h a  a n g u la r  c o r r e l a t i o n  in  th e  r e a c t i o n  L i (p ,y  )Be (2®c ) and is  
0. 21 t  0. 07.
In th e  r e g io n  of th e  1030 keV  re s o n a n c e  th e  g a m m a - r a d i a t i o n  
i s  not i s o t r o p i c ,  bu t t h e r e  i s  a  d i s c r e p a n c y  in  th e  e x p e r im e n ta l  
r e s u l t s ;  one e x p e r im e n t  in d ic a te s  th a t  th e  i s o t r o p y  c o m e s  f r o m  th e  
b a c k g ro u n d  a lone  (Kr 54), a n o th e r  th a t  t h e r e  i s  a  r e s o n a n c e  c o n t r i ­
b u t io n  a s  w e ll  (Ma 60b). T he  f i t s  fo r  th e  p h a se  sh if t  a n a ly s i s  
(Li 55) fo r  e l a s t i c  s c a t t e r i n g ,  w h e re  p -w a v e  f o r m a t io n  and a c h an n e l  
s p in  r a t io  of 5 a r e  a s s u m e d ,  a r e  not good, and m a y  be  im p r o v e d  by 
v a ry in g  th e  ch an n e l  sp in  r a t i o .  T h e  in e la s t i c a l ly  s c a t t e r e d  p ro to n s  
a r e  e s s e n t i a l l y  i s o t r o p ic  in  th e  r e g io n  of th i s  r e s o n a n c e  (Li 50) 
but th i s  cou ld  o c c u r  w ith  a  s u i ta b le  ch an n e l  sp in  r a t io  fo r  th e  b r e a k ­
up of the  s ta t e  r a t h e r  th a n  f o r  i t s  fo r m a t io n  ( s e c t io n  7).
The t h e o r e t i c a l  e x p r e s s io n  fo r  th e  a n g u la r  d i s t r ib u t io n  of 
g a m m a - r a y s  f r o m  a n u c le o n - g a m m a  r e a c t io n ,  d e r iv e d  in  th e  
p r e v io u s  c h a p t e r ,  h a s  b e e n  a p p l ie d  to  th i s  r e a c t io n .  T he  r e s u l t s  
of M a in s b r id g e  (Ma 60b) fo r  th e  a n g u la r  d i s t r ib u t io n  of th e  g a m m a -
g
r a y s  to  th e  g ro u n d  s ta t e  of B e c a n  be  f i t ted  in  th e  r e g io n  of th e
TT "4“441 keV  re s o n a n c e  if  it  i s  a s s u m e d  th a t  th e  s t a t e  h a s  J  = 1 and
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is  f o r m e d  by p -w a v e  p r o to n s ,  th a t  th e  ch an n e l  sp in  r a t i o  i s  
(y® ^ j  f  -  4 . 5 t  1, th a t  m a g n e t ic  d ipo le  g a m m a  r a y s  a r e
e m i t t e d ,  th a t  t h e r e  i s  a  b a c k g ro u n d  c a u s e d  by th e  d i r e c t  t r a n s i t i o n  
p r o c e s s  w hich  in v o lv e s  s - a n d  d -w av e  p ro to n s  and th e  e m is s io n  of 
e l e c t r i c  d ipo le  g a m m a - r a y s  and  th a t  th e  r e s o n a n t  and d i r e c t  p r o ­
c e s s e s  i n t e r f e r e .  T he  1030 keV  re s o n a n c e  i s  a s s u m e d  to  have  
J 11 = 1+ and to  be  fo r m e d  by  p -w a v e  p ro to n s :  th e  tw o s t a t e s  
p ro b a b ly  d i f f e r  in  i s o b a r i c  sp in .  It a p p e a r s  th a t  a  c h an n e l  sp in  
r a t i o  of 1 t  1 i s  n eed e d  f o r  t h i s  r e s o n a n c e  to  fit  th e  a n g u la r  
d i s t r ib u t io n  of M a in sb r id g e  (Ma 60b) in  th i s  r e g io n .  U n fo r tu n a te ly  
t h e s e  r e s u l t s  do not ex tend  beyond  1 .1  MeV and i t  i s  not p o s s ib le  to  
t e l l  c o n c lu s iv e ly  how th e  r e a c t i o n  i s  p ro c e e d in g  in  th i s  r e g io n .  
O th e r  r e s u l t s  (Kr 54) r e q u i r e  a c h an n e l  sp in  r a t i o  of 5 fo r  th e  
1030 keV  r e s o n a n c e .
2. F o r m  of M a tr ix  E le m e n ts
E q u a t io n s  (IV. 38) and  IV. 39) a r e  a d ap ted  fo r  th e  s p e c ia l  
7 8c a s e  of th e  L i (p , Y )Be r e a c t io n  and th e  fo llow ing  r e a c t io n  m a t r ix  
e l e m e n t s  a r e  u se d :
a . F o r  th e  f o r m a t io n  of a  r e s o n a n t  s ta t e  ( J :S £ :I )
T he  m a t r i x  e le m e n t  f o r  th e  fo r m a t io n  of a  r e s o n a n t  s ta t e
i s  (Wi 4 7 ,  B1 52)
Ch IV -2
( J : S *  : I)
p i  K* exp
(E a - E )  + i iP ,
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w h e re  E  ^ i s  th e  e n e rg y  of th e  r e s o n a n c e ,  X i s  g iven  th e  v a lu e s  
a  and  b to  den o te  th e  r e s o n a n c e s  at 441 keV  and 1030 keV  r e s p e c t iv e ly ,  
( lev e l  s h i f ts  have  b e e n  n e g le c te d ) ,  i s  th e  to ta l  le v e l  w id th  g iven
by
^  - pe I f
w h e re  th e  r e d u c e d  w id th s  ^  depend  upon th e  r e s o n a n c e  at e n e rg y  
E  ^ bu t do not v a r y  w ith  e n e r g y .  T he p e n e t r a b i l i ty  Pg and the  
p h a s e  ang le  Sg d ep en d  upon th e  r e g u l a r  and i r r e g u l a r  cou lom b 
fu n c t io n s  (B1 51, Sh 53a) Fg and c a lc u la te d  at th e  in te r a c t io n  
r a d i u s ,  and so  v a r y  w ith  e n e rg y :
= — ^ —  •
Fe 2 + Ge2
= ör~£ - a r c  t a n  fG #
w h e re  = a r g  P ( £  + 1 + i r j ) ,  and p  and ?  ^ a r e  de fined  by
p = k r  w ith  k -  ■ -
di
Z Z 'e 2
n  = ------------------------->
diV
w h e re  r  i s  th e  i n t e r a c t i o n  r a d i u s ,  Z and Z ' a r e  th e  a to m ic  n u m b e r s  of the  
c o l l id in g  " p a r t i c l e s " ,  V i s  t h e i r  r e l a t iv e  v e lo c i ty  and jju i s  the
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re d u c e d  m a s s .
b .  F o r  th e  decay  of a  r e s o n a n t  s ta t e  (J : L  ; J )
T he m a t r i x  e le m e n t  fo r  th e  d ecay  of a  r e s o n a n t  s ta t e  by 
g a m m a  e m is s io n  i s  ta k e n  a s
(J : L  : J )  = r / L exp (i S jL ) J
w h e re  th e  r e a l  q uan tity  and th e  p h a se  ang le  depend  upon
th e  r e s o n a n c e  b u t  do not v a r y  w ith  e n e r g y .
c .  F o r  th e  d i r e c t  p r o c e s s  (J : S ( I L ) £  : I)
T he  m a t r i x  e le m e n t  fo r  th e  d i r e c t  p r o c e s s  i s  t a k e n  a s  
( J : S ( a ) | : I )  = P /  f ”  exp(i S ’ s ) .  
w h e re  F^ , i s  th e  p e n e t r a b i l i ty ,  f ^ s i s  r e a l  and in d ep en d en t of 
e n e r g y ,  and the p h a s e  ang le  v a r i e s  w ith  e n e r g y  a s
8 7  = g - a r c  t a n  F ^ / G £ + ^ S,
w h e re  &TS is  in d ep en d e n t  of e n e rg y  and o f £ .
3. T h e o r e t i c a l  F o r m u l a  f o r  th e  A n g u la r  D is t r ib u t io n  of G a m m a -
7 8R ay s  in  th e  R e a c t io n  L i  (p, ^  )Be to  th e  G round  S ta te
7 8If i t  i s  a s s u m e d  t h a t ,  in  th e  r e a c t io n  L i ' ( P , ^  )Be tw o 
r e s o n a n t  s t a t e s  of sp in  and p a r i t y  1+ a r e  f o r m e d  by p -w a v e  p ro to n s  
at p ro to n  e n e r g i e s  of 441 keV  and 1030 keV  and th e s e  s t a t e s  d e ca y  
by th e  e m is s io n  of m a g n e t ic  d ipo le  g a m m a - r a d i a t i o n  to  th e  g round
O
s ta t e  of Be , and th a t  th e  d i r e c t  p r o c e s s  i s  in i t ia te d  by s -  and
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d -w a v e  p ro to n s  w hich  e m it e le c t r i c  d ip o le  g a m m a - ra d ia t io n ,  th e n  
th e  fo llo w in g  v a lu e s  m ay  be  g iven  to  q u a n tit ie s  a p p e a r in g  in  e q u a tio n  
(IV. 3 9):
F o r  a ll  p r o c e s s e s :
7
s p in  of L i g ro u n d  s ta te i—i
 
ii
1
n u c leo n  sp in s = i
g
sp in  of B e g ro u n d  s ta te
+oII►“3
F o r  th e  re s o n a n t p r o c e s s :
c h a n n e l sp in S = 1 ,2
o rb i ta l  a n g u la r  m o m e n tu m  of p ro to n 1 =  1
s p in  of re s o n a n t  s ta te J  = 1+
m u lt ip o la r i ty  of g a m m a  ra y L  = 1
F o r  th e  d i r e c t  p r o c e s s :
o rb i ta l  a n g u la r  m o m e n tu m  of p ro to n ii o CO
f in a l o r b i ta l  a n g u la r  m o m en tu m  of p ro to n  /=  1
c h a n n e l sp in S = 1
m u lt ip o la r i ty  of g a m m a - ra y L = 1
T h e  a n g u la r  d is t r ib u t io n  of g a m m a - ra y s  f ro m  th e  r e a c t io n  
7 8L i ( p , y  )Be c an  now be  w r i t te n  as
o ~
J = 0
*
(4 r r f  s p o< O 2 + p 2< f  2 1)2 + )2 + ( y » )2i (  c i fX  ( E . - E ) 2  + i r y
+ c o s  9 I J~Q~ R e £  .. } X .L . Z 01. P„2 f ° '  exp t( S°'- S* - S, )
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+ ?  ReZp' l l  £*. -  pf r  exp i ( r; - s^ , - s,)
> ( E ^ - E j - i i n
+ (3 c o s  9 - ‘ > i h
Pib-y4a7j
X (E^-E)2 + i ¥ ( 7  )‘ p 2 ( f r  )2
+ Jf  Re C  C ' p / p J  e x p i  { « " -  * : ' ) ] ] ( 1 )
E q u a t io n  (1) c a n  be  w r i t t e n  in  th e  f o r m s :
g"  = A q(E)  + A^(E)  cos  9 + A ^(E )  c o s^  9 ,
= A Q(E) (1 + a (E) c o s  0 + a 2 (E) c o s 2 e ) , 
w h e r e  a ^ E )  = A 1( E ) / A Q(E) , a 2 (E) = A 2( E ) / A Q(E) , and A 0 (E),  
A ^ (E ) ,  A 2 (E),  a ^ (E )  and a£(E)  a l l  v a r y  with p r o t o n  e n e r g y  E .  
The  90° c r o s s  s e c t i o n  A^(E)  i s
A 0(E) I  T. <*?)*ir.A,y
(4 T T )  8
<?, L? -<• H *‘J
v .?
c e b - e ) >
( 2 )
w h e r e  the  fo l lowing  s u b s t i t u t i o n s  have  b e e n  m ad e :
«1 =IV po ■
«2 ■ V p 0 •
:2 = (Y ? )7 C Y ,Q)J,
e c h an n e l  sp in  r a t i o  fo r  the  441 keV  r e s o n a n c e ,
b vi / / wb\5
y 2 = ( Y .b V c v .T ,
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= c h a n n e l s p in  r a t io  f o r  the  1030 k e V  re s o n a n c e ,
7»
"y b p- b 
0 I ^ o /
c,
a O I
I O
f
c ,
T he  c o e f f ic ie n t  A ^ (E )  o f cos 0 is
A ^ E )  = _A_ j_  P0 Of -^) e r “ ) [ ,/T 6>,5 ^  5 sil  ( g * -  S’. )
a r t ’  *  L <■ [CEa - E ) a -t j
c St o c ß -  & » )
U E b- E ) 2 + ^ 6* J
"» Ö
   7
- 7 3 J
w h e re  th e  te rm s  in v o lv in g  d -w a v e s  have been n e g le c te d  as
and 7^  2 is  o f the  sam e o r d e r  as >?0 ( th is  w i l l  be seen la te r ) ,  oQ and
ß ^  a re  d e fin e d  b y
= s°: - s* - s.,
ta n  (3* = £  £ ~£)
r ,
The c o e f f ic ie n t  A  (E ) o f c o s ^  0 is
A  (E ) = j E L  1  Po W ?)l C O  
z (^rr)a %
- a
'  ' 3 "  3 g, 0  -  j - x * )
u
3 J3 ^  ^  COS ( -  S « )
j _  c 7  q . O - j - y )
(4)
The e x p re s s io n s  f o r  a ^ (E ) and ^ ( E )  can easü y  be ob ta ined ,
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4. C o m p a r i s o n  w ith  E x p e r im e n t
T he  e x p r e s s io n s  f o r  a^ (E )  and a r e  c o m p a r e d  with
the  e x p e r im e n ta l  v a lu e s  f o r  t h e s e  q u a n t i t ie s .
The to ta l  le v e l  w id ths  a p p e a r in g  in  e q u a tio n s  (1), (2),
(3) and  (4) a r e  known e x p e r im e n ta l ly  (Aj 59), th u s  = 1 2  keV
and f7p = 168 keV; th e  v a lu e  ^ 5  = 160 keV  is  u s e d  f o r  c o n ­
v e n ien c e  a s  t h e r e  i s  so m e  doubt a s  to  th e  a c c u r a c y  of d e te r m in a t io n  
of t h i s  w id th ,  s e e  s e c t io n  7. T he  p e n e t r a b i l i ty  f a c to r s  and Q 2  
o r  P q , and P g  c an  be  o b ta in ed  f r o m  p u b l ish e d  g ra p h s  o r  t a b le s  
(B1 51 , Sh 53a). T h e  in t e r a c t i o n  r a d iu s  i s  t a k e n  a s  (La 58)
J I
r  = 1 .4 5  (A ^  + A 2 ) f m ,
7
w h e re  A-  ^ and  A 2  a r e  th e  m a s s  n u m b e r s  of th e  L i  n u c le u s  and th e
q O i r o )
p r o to n  r e s p e c t iv e ly .  T he p h a se  ang le  _ ö0 i s
S* - $ 0  = ” ^ 0  ” arC *an ^ 2 ^ 2  + a rc  *an V ° 0 ’ anc* so  m a^
be o b ta in ed  f r o m  p u b l ish e d  g ra p h s  (Sh 53a). T h e  v a lu e  i s
cos  ( £ -  S q* ) ^  0. 5 o v e r  m o s t  of th e  e n e rg y  ra n g e  of i n t e r e s t .
The o th e r  q u a n t i t ie s  x ^ ,  y ^ ,  c ^ ,  yjo , 7J^  , C  and  £ 0  a r e  ob ta in ed  
by c o m p a r i s o n  w ith  e x p e r im e n ta l  r e s u l t s .
T he  q u a n t i t ie s  ? / 0  and  c a r e  o b ta in ed  f r o m  th e  n in e ty  d e g re e  
c r o s s  s e c t io n  A q(E).  A c u r v e  ( a r b i t a r i l y  n o rm a l iz e d )  f o r  A q(E) 
fo r  th e  g round  s t a t e  g a m m a - r a y  i s  ob ta in ed  f r o m  M a in s b r id g e ’s 
r e s u l t s  (Ma 60a) fo r  th e  r a t i o  of in t e n s i t i e s  of th e  tw o 
g a m m a - r a y s  and  the  v a lu e  of A q(E) f o r  th e  co m b in ed
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g a m m a - r a y s ;  it  i s  d iff icu lt  to  e s t i m a te  th e  a c c u r a c y  of th i s  
d e te r m in a t io n  and i t  s e e m s  th a t  th e  n in e ty  d e g re e  c r o s s  s e c t io n  
fo r  th e  s e p a r a t e  g a m m a - r a y s  sh ou ld  b e  c a r e f u l ly  in v e s t ig a te d  
e x p e r im e n ta l ly .
T he  p a r a m e t e r  i s  o b ta in ed  by  e q u a tin g  th e  e x p e r i ­
m e n ta l  v a lu e  of A q(0. 4 4 1 ) /A ^ (0 . 7) to  th e  t h e o r e t i c a l  v a lu e  a s s u m in g  
th a t  th e  p u re  r e s o n a n c e  e f fe c ts  and th e  e f fe c ts  of d -w a v e s  a r e  
n e g l ig ib le  at E = 0. 7 MeV and th a t  d i r e c t  t r a n s i t i o n  e f fe c ts  a r e
Jr
n e g lig ib le  at th e  r e s o n a n c e ;  th i s  gave a  v a lu e  of *  18 MeV . 
T h is  v a lu e  of d o e s  not s e e m  c o m p a t ib le  w ith  th e  v a lu e  of 
r e q u i r e d  to  fit a-^(E) a s  show n in  f ig u re  7 w h e re  th e  v a r i a t io n  of 
a^ (E ) in  th e  r e g io n  of th e  441 keV  r e s o n a n c e  i s  d ra w n  f o r  =
18 MeV  ^ and y[0 = 9  MeV \  T he  l a t t e r  v a lu e  f i t s  the  e x p e r i ­
m e n ta l  p o in ts  fo r  a^ (E ) r a t h e r  b e t t e r  bu t s e e m s  too  s m a l l  to  fit  
A q(E). T h e  v a lu e  = 18 MeV  ^ i s  u s e d  in  th e  o th e r  c a lc u la t io n s .
T he  quan tity  c ^ ( f  + ^  y^ )  i s  e v a lu a te d  by eq u a tin g  th e  
e x p e r im e n ta l  v a lu e  of A q( 1 .0 3 ) /A q(0. 7) to  th e  t h e o r e t i c a l  v a lu e .
The d i r e c t  t r a n s i t i o n  e f fe c ts  a r e  not n eg l ig ib le  at th e  1030 keV  
re s o n a n c e  and a r e  in c lu d e d .  C o n tr ib u t io n s  f r o m  d -w a v e s  to  A q(E) 
a r e  s m a l l  in  th e  e n e rg y  r e g io n  b e in g  c o n s id e r e d  and  have  b e e n
P p
n e g le c te d  in  t h i s  c a lc u la t io n .  T he  v a lu e  o b ta in ed  f o r  c ^ ( f  + ^ y  )
is  2.
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T h e  p a r a m e t e r  i s  e v a lu a te d  f r o m  th e  e x p e r im e n ta l  
va lu e  of a2(0 . 7) and i s  26 MeV ^ .
T he  fu n c tio n  a 2 (E) i s  c a lc u la te d  fo r  e n e r g ie s  f r o m  0. 2 MeV
2
to  1. 2 MeV and is  show n in  f ig u r e  6 f o r  v a lu e s  x = 4  and 5 and 
y^ = 0 , 1 and 5. A r e a s o n a b le  f i t  i s  o b ta in ed  f o r  e i t h e r  ch an n e l  
sp in  r a t i o  fo r  th e  441 keV  r e s o n a n c e ,  w hich  m a y  th e r e f o r e  be 
e s t i m a te d  a s  x^ = 4. 5 t  1. To f i t  M a in s b r id g e 's  (Ma 60b) e x p e r i -  
m e n ta l  p o in ts  a  v a lu e  y  = 1 - 1 i s  n eed e d  f o r  th e  c h an n e l  sp in  r a t io  
fo r  th e  1030 keV  r e s o n a n c e .  If i t  i s  a s s u m e d  th a t  t h e r e  i s  l i t t l e  
d i f f e r e n c e  b e tw e e n  th e  v a lu e  of a 2 (E) f o r  th e  co m b in e d  g a m m a - r a y s  
and th e  v a lu e  of th e  g ro u n d  s t a t e  g a m m a - r a y ,  th e n  K r a u s ' s  r e s u l t s  
(Kr 54) would be  f i t te d  w ith  a  c u rv e  l ik e  th a t  f o r  y^ = 5. M ore  
c a r e f u l  e x p e r im e n ta l  m e a s u r e m e n t s  of th e  a n g u la r  d i s t r ib u t io n  of th e  
s e p a r a t e  g a m m a - r a y s  n eed  to  b e  m a d e  a ro u n d  1 MeV and up to  about 
1 .4  MeV to  give an  u n a m b ig u o u s  v a lu e  of th e  c h an n e l  sp in  r a t io  
at th e  1030 keV  r e s o n a n c e ;  su ch  m e a s u r e m e n t s  shou ld  d e te r m in e  
w h e th e r  o r  not a 2 (E) c o n t in u e s  to  r i s e  above th e  r e s o n a n c e .
T he  c a lc u la te d  v a lu e s  of th e  fu n c tio n  a-^(E) a r e  show n in  
f ig u re  7. A v a lu e  of th e  p h a s e  ang le  <^> -VCr a d ia n s  i s  t a k e n  to  
m ak e  a^ (E ) a s  n e g a t iv e  as  p o s s ib le  b e low  th e  441 keV  re s o n a n c e ;  
th e  e x p e r im e n ta l  v a lu e  i s  not r e a c h e d .  V a lu es  of = 9  M eV ” '*' 
and y 0 = 18 M e V - ’*' a r e  u s e d  up to  about 0. 7 MeV and c o m p a r i s o n
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F ig u r e  6
V a r ia t io n  of ag w ith  p ro to n  e n e rg y  f o r  th e  g ro u n d  s t a t e  g a m m a - 
7 8r a y  f r o m  th e  L i ( p , ^  )Be r e a c t io n .  T h e  e x p e r im e n ta l  p o in ts  
( ^ ) a r e  th o s e  of M a in s b r id g e  (Ma 60b). T h e  X 's  m a r k  K r a u s ' s  
p o in ts  (K r 54) fo r  th e  c o m b in e d  g a m m a - r a y s .  A ch ange  in  th e  
c h an n e l  s p in  r a t io  at one r e s o n a n c e  does  not e f fec t  the  v a r i a t io n
at th e  o th e r .
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F ig u r e  7
V a r ia t io n  of a^ w ith  p ro to n  e n e rg y  fo r  th e  g round  s t a t e  g a m m a  - 
7 8r a y  f r o m  th e  L i  (p, X )Be r e a c t io n .  The e x p e r im e n ta l  p o in ts
( •  ) a r e  th o s e  of M a in s b r id g e  (M a 60b). T he  X 's  m a r k  K r a u s ' s
p o in ts  (K r 54) f o r  th e  c o m b in e d  g a m m a - r a y s .  A ll th e  c u r v e s
o
a s s u m e  a  c h an n e l  sp in  r a t i o  x = 5 at th e  441 keV  r e s o n a n c e ,  
and So = 180° and  So = 235° .
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w ith th e  e x p e r im e n t a l  p o in ts  f a v o u r s  = 9 M eV - '*'. A c h an g e  in  
th e  v a lu e  of th e  c h a n n e l  sp in  r a t i o  a t  the  441 keV r e s o n a n c e  did not 
im p r o v e  th e  f i t .  T h e  v a lu e  S© = 23 5 ° ,  gave th e  b e s t  fit f o r  th e  
p h a se  an g le  at th e  1030 keV r e s o n a n c e .  A g a in ,  v a lu e s  of y^ = 0 , 1 
and 5 a r e  u s e d  f o r  th e  c h an n e l  sp in  r a t io  at th e  1030 keV  r e s o n a n c e
p
and a g a in  a  v a lu e  y  = 1 T 1 i s  n e ed e d  to fit  M a in s b r id g e 's  r e s u l t s
2
(Ma 60b). K r a u s ' s  r e s u l t s  (Kr 54) ag a in  p ro b a b ly  r e q u i r e  y  = 5 .  
Only s m a l l  c h a n g e s  a r e  to  be  e x p ec ted  if  d -w a v e s  a r e  in c lu d e d .
5. P o l a r i z e d  P r o to n s
If p o l a r i z e d  p ro to n s  a r e  u s e d  th e  fo llow ing  t e r m  c r L
tJ
w hich  i s  th e  t e r m  w ith  k = 1 in  eq u a tio n  (IV. 38), h a s  to  bes
added to  th e  a n g u la r  d i s t r ib u t io n  °~j _q of g a m m a - r a y s  to  th e
g
ground  s t a t e  in  Be (which i s  th e  t e r m  w ith  k = 0 in  e q u a tio n  
(IV. 38) ),
jlj_  n  p oJ r  r; »£« c c - o  «»««s« e*
+ ß  Lf p . h r c s C f a' 
ia *
w h e re  P  i s  th e  v e c t o r  p o la r i z a t io n  and n i s  th e  un it n o r m a l  in  the  
d i r e c t io n  k . x  k^ , and  th e  o th e r  sy m b o ls  have  b e e n  defined  
p re v io u s ly .
T h e  p h a s e s  a n g le s  c h o se n  fo r  the  fo r m a t io n  of a  r e s o n a n t
s ta te  do no t depend  on c h a n n e l  s p in  and c o n se q u e n t ly  th e  p u r e
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re s o n a n c e  c o n tr ib u t io n  to  c r 1 i s  z e r o .  Only t e r m s  w ith  c h an n e l
J=0
sp in  1 e n t e r  er'*' so  i t  canno t be  u se d  to  d e te r m in e  th e  s ig n s  of J -U
th e  c h a n n e l  s p in  r a t i o s .
6. T r a n s i t i o n s  to  th e  F i r s t  E x c i te d  S ta te  in  B e 8
In t r a n s i t i o n s  to  th e  f i r s t  e x c i te d  s t a t e  in  B e 8 w hich  h a s  
J 71 = 2+ th e  r e s o n a n t  s t a t e s  (J17 = 1+ ) d e ca y  by  e m is s io n  of a 
m ix tu re  of m a g n e t ic  d ipo le  and e l e c t r i c  q u a d ru p o le  r a d ia t io n ,  and 
th e  c h an n e l  sp in  in  th e  d i r e c t  p r o c e s s  can  be  e i t h e r  1 o r  2, o t h e r ­
w ise  th e  q u a n t i t ie s  a p p e a r in g  in  e q u a tio n  (IV. 39) have  th e  v a lu e s  
g iven  in  s e c t io n  3. T h e  a n g u la r  d is t r ib u t io n  f o r  u n p o la r iz e d  p ro to n s
is
= _ * L  ±  J £  ? ,  LCV,X) ? * ( * £ ) * ]  L  (  c & ) * ]
aV B 8 / * (E^-E)* -t £ P*
+ poUC)’ ,  c f jv j  4- px[(f:*)^ a t v j
+ c o s  @ L u  {  2 n o ]  ■+ ^ y  $.2210}^
+  ( Z f i e  i n a o ]  -  y  2 ( \ e  \ 2 M ° V )
~ 4 {Ml*})
foC C3r?e £ xI 3 2 3 -  ?  <2 *?«.
T> LCtW-1ra'l)2] L(fif+ 5 - c rj; CoS(sa\ -  s>,
CE i  P*
c o v -S  Cfi* e.«c*a: - o
r r  r r  <os o j
-+ ( S~<o s30 - 3 £<,$#) [ 737 -
w h e re
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RettSL^'S = 21 T , h l  C?L p j  fj? si o ( ß % - Vff-rS, + .
T h e  in te r f e r e n c e  t e r m s  depend  upon th e  s ig n s  of Vi / X }  and 
C'3 / Fi’' • R ook (Ro 61) h a s  s u g g e s te d  th a t sh o u ld  be
p o s i t iv e .  F o r  p o la r iz e d  p ro to n s  th e  in te r f e r e n c e  t e r m  h a s  t e r m s  
c o n ta in in g  c h a n n e l s p in  1 fo r  th e  re s o n a n t  p r o c e s s  and ch an n e l 
s p in  2 fo r  th e  d i r e c t  p r o c e s s  and so  i t  sho u ld  be  p o s s ib le  to  
d e te rm in e  th e  s ig n s  of Y a /y,  and f /  ) t > , bu t it  i s  u n lik e ly  
th a t th e  e x p e r im e n t co u ld  be  done w ith  th e  n e c e s s a r y  a c c u r a c y ,  
a t p r e s e n t .
It sh o u ld  be  p o s s ib le  to  o b ta in  a v a lu e  of th e  am p litu d e  
r a t io  fo r  m a g n e tic  d ip o le  to  e le c t r i c  q u ad ru p o le  r a d ia t io n . Rough 
c a lc u la t io n s  show  a g re e m e n t  w ith  G r a n t ’s v a lu e  (G r 60).
7. In e la s t ic  S c a tte r in g
A s so m e  e v id en c e  fo r  ta k in g  a ch an n e l s p in  r a t io  of 5 fo r  
th e  1030 keV  re s o n a n c e  c o m e s  f ro m  th e  in e la s t ic  s c a t te r in g  of
7
p ro to n s  by  L i and a s  th e  m o s t a c c u ra te ly  quo ted  v a lu e  fo r  th e  
w id th  of th is  s ta te  (Aj 59) = 168 keV  w as o b ta in e d  by a n a ly s is
of in e la s t ic  s c a t te r in g  r e s u l t s ,  it  s e e m e d  of in te r e s t  to  in v e s t ig a te  
b r ie f ly  th e  in e la s t ic  s c a t te r in g  of p ro to n s  by  L i , e s p e c ia l ly  a s  it 
a p p e a re d  th a t  i t  w ould be  e a s i e r  to  f it th e  g a m m a - ra y  a n g u la r  
d is t r ib u t io n  in  th e  re g io n  of th e  1030 keV  re s o n a n c e  if  th is
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r e s o n a n c e  had  a c o n s id e r a b ly  s m a l l e r  w id th . A f te r  th e  in e la s t i c
h a s  e n e rg y  0 .4  78 MeV and t h i s  s t a t e  d e c a y s  by  g a m m a  e m is s io n  to  
th e  g ro u n d  s t a t e .
T he  a n g u la r  c o r r e l a t i o n  fu n c tio n  fo r  th e  i n e la s t i c  s c a t t e r in g  
of n u c le o n s  f r o m  an  i s o la t e d  r e s o n a n c e  w ith  sp in  J  i s
w h e re  th e  f o r m u la  i s  w r i t t e n  in  t e r m s  of th e  f o r m a t io n  and d e te c t io n  
of th e  r e s o n a n t  s ta te ;  th e  s t a t i s t i c a l  t e n s o r  i s
(OkO x  I k x , ) ( J s S 1 £ 1 :1 1) * ( J :S 1/ /1: I 1) 
< { ( I 1s )S 1£ ^  J , { J , k|
in c id e n t  n u c le o n ,  1  ^ i s  th e  s p in  of th e  in i t ia l  s ta t e  and i s  th e  
ch an n e l  sp in .  No p o la r i z a t io n  e f fe c ts  a r e  c o n s id e r e d  and the  
s t a t i s t i c a l  t e n s o r s  f o r  sp in  and o r b i t a l  a n g u la r  m o m e n tu m  a r e  
th o s e  given in  s e c t io n  IV. 4; th e  a n g u la r  m o m e n tu m  co u p lin g  
co ef f ic ien t  m a y  be  s im p l i f ie d  a s  p re v io u s ly  and th e  m a t r ix  e le m e n ts  
a r e  a s  b e f o r e .  T he  e f f ic ie n c y  t e n s o r  e^x (J ,  J )  m ay  be  w r i t t e n  down 
s i m i l a r l y ,  w ith  th e  s u b s c r ip t  2 fo r  th e  f in a l  s t a t e .  T he  a n g u la r
7
s c a t t e r i n g  h a s  o c c u r r e d ,  L i  i s  le f t  in  i t s  f i r s t  e x c i ted  s ta t e  which
W = z. pfeK(J,J) Efcx (J.J)  .
w h e re  i s  th e  o r b i t a l  a n g u la r  m o m e n tu m  and s the  sp in  of th e
c o r r e l a t i o n  fu n c tio n  i s
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F o r  the  re a c t io n  L i  ( p ,p ') L i  th ro u g h  the  1030 k e V  re s o n a n t s ta te  
w ith  J 77" = 1+ to  the  e x c ite d  s ta te  in  L i ^  at 0 .4 7 8  M e V , th e  fo llo w in g  
v a lu e s  m ay  be s u b s titu te d  in  th e  a n g u la r  c o r re la t io n  fu n c t io n :
I f  = 3 /2 ,  s = I ,  S :  = 1 ,2 ,  £ 1 = £'x = 1, I 2 = 5 , S2 = 0 ,1 ,
@2 ~£'o = th e  a n g u la r  c o r re la t io n  fu n c t io n  th e n  is
Urr)3
{_<r^ r - n ^ ru  cr.br^  t^ ’j 
t £ < U - e r  ■<• i  J  J
L u W b - i)  & t ^ r - O . ^ Ibi?;
L t f b - O
x / rt i  7?r> * 7b J
2 2
w h e re  ( ) and ( "j)3) a re  the  re d u ce d  w id th s  fo r  ch an ne l sp in s
0 and 1 re s p e c t iv e ly  f o r  th e  decay  o f the  re s o n a n t s ta te  to  th e  f i r s t
n
e x c ite d  s ta te  o f L i  by  p ro to n  e m is s io n ,  and th e  o th e r  s y m b o ls  
have been  p re v io u s ly  d e fin e d . T hus  th e  a n g u la r  d is t r ib u t io n  o f 
g a m m a -ra y s  f r o m  th e  1030 ke V  re s o n a n t s ta te  can be is o t r o p ic  
i f  e i th e r  ( Xa /  ( X,b = 5 ,  o r  ( )^ /  ( ^ 0b )^ = 2 so th e  is o tro p y
o f p ro to n s  f r o m  th is  re so n a n c e  ( L i  50, M o 54) does not r e s t r ic t  the
ch an ne l s p in  r a t io  f o r  the  fo rm a t io n  o f th is  s ta te  to  5.
In  o rd e r  to  ch eck  the  v a lu e  ^  = 168 ke V  the  in e la s t ic
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F ig u r e  8
C r o s s  s e c t io n  of 478 keV  g a m m a - r a y s  e m i t te d  in  th e  r e a c t io n  
7 7L i  (p ,p ' ,"2  )Li . T he  e x p e r im e n ta l  c u rv e  i s  th a t  of B ro w n  et al 
(B r  51). T h e  b a c k g ro u n d  i s  a s s u m e d  to  be  a s  show n. T he  
r e s o n a n c e  c u r v e  i s  th e  e x p e r im e n ta l  c u rv e  m in u s  b a c k g ro u n d  
w ith  p e n e t r a b i l i ty  f a c to r s  r e m o v e d  and  i s  a r b i t a r i l y  n o r m a l i z e d .
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s c a t t e r in g  c r o s s  s e c t io n  ( f ro m  w hich  it w as d e r iv e d )  i s  r e - a n a l y s e d .  
It i s  a s s u m e d  th a t  t h e r e  i s  a  b a c k g ro u n d  w hich  i s  fo r m e d  by s -w a v e  
p r o to n s ,  w hich  h a s  an  e n e r g y  v a r i a t io n  p ro p o r t io n a l  to  the  p ro to n  
p e n e t r a b i l i ty ,  and w h ich  i s  s u b t r a c te d  f r o m  the  to ta l  c r o s s  s e c t io n .  
P e n e t r a b i l i ty  f a c t o r s  f o r  p -w a v e  p ro to n s  have  b e e n  re m o v e d  f r o m  
th e  r e m a i n d e r  and th e  a r b i t a r i l y  n o r m a l i z e d  c u rv e  w hich  r e s u l t s  
h a s  a  w id th  of 130 k eV , s e e  f ig u re  8. P r i c e  ( P r  54) g iv e s  a w id th  
of about 150 keV  f o r  t h i s  s t a t e .  T he  v a lu e  (Aj 59) of 168 keV  s e e m s  
of r a t h e r  dub ious  a c c u r a c y .  T h is  i s  a n o th e r  m e a s u r e m e n t  w hich  
cou ld  w ell b e  r e p e a t e d  e x p e r im e n ta l ly .
8. C o n c lu s io n
T h e  t h e o r e t i c a l  c u r v e s  w hich  a r e  d e r iv e d  h e r e  s e e m  to  
fit th e  a n g u la r  d i s t r ib u t io n  of g a m m a - r a y s  f r o m  th e  r e a c t io n
y g
L i (p,2f )Be r e a s o n a b ly  w ell b u t th e  e x p e r im e n ta l  r e s u l t s  a r e  
not of su f f ic ie n t  a c c u r a c y  n o r  o v e r  a  s u f f ic ie n t  e n e rg y  ra n g e  to  
t e l l  how s ig n if ic a n t  th e  fit  i s .  T h e  m a in  d i f f e r e n c e  f r o m  p r e v io u s  
d i s c u s s io n s  i s  th e  a s s ig n m e n t  of a  ch an n e l  sp in  r a t i o  of 1 t  1 fo r  
th e  fo r m a t io n  of th e  1030 keV re s o n a n t  s t a t e .  T h is  v a lu e  d o es  not 
a p p e a r  to  c o n t r a d ic t  e x p e r im e n ta l  e v id en c e  f r o m  o th e r  e x p e r im e n t s .  
The  w idth  of th i s  s t a t e  m a y  b e  l e s s  th a n  th e  v a lu e  168 keV  u s u a l ly  
quoted .
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A d e f in i t io n  and th e  m a in  p r o p e r t i e s  of the  commonly- 
o c c u r r in g  c o e f f ic ie n ts  in  a n g u la r  m o m e n tu m  co u p lin g  a r e  g iven  
and so m e  r e f e r e n c e s to  t a b l e s  of th e s e  c o e f f ic ie n ts  a r e  c i t e d .  M ore  
c o m p le te  a c c o u n ts  of th e  s u b je c t  have  b e e n  g iven  e l s e w h e r e  
(Ro 57, Ed  57, E l  58).
M agnetic  q u an tu m  n u m b e r s  c o r r e s p o n d in g  to  th e  a n g u la r  
m o m e n ta  d en o ted  by th e  l e t t e r s  a ,  b ,  c ,  d ,  . . .  a r e  d e s ig n a te d  by 
th e  c o r r e s p o n d in g  G re e k  l e t t e r s  ( 3 ,  T f ,
1. C oup ling  of Two A n g u la r  M o m e n ta -V e c to r  C oup ling  C o ef f ic ien ts  
C o n s id e r  tw o  c o m m u tin g  a n g u la r  m o m e n tu m  o p e r a t o r s  
a ,  b w hose  e ig en fu n c t io n s  a r e  (a ,°c  ) and y  (b , (3 ) and de fine  th e  
o p e r a to r  c = a + b , w hich  i s  a l s o  an a n g u la r  m o m e n tu m  o p e r a to r .  
T h e n  th e  e ig en fu n c t io n  of c i s
Y ( a b c , *  ) = 7L ( a b * p  I c * )<5>(a,°c )© (b ,(3  ),
®c(0)
a ls o
f  (a,°c ) f ( b , / 3  ) = ZI ( a b * .  p | c Y  ) V ( a b c ,X  ), 
w h e re  (ab ß | c K ) i s  th e  v e c t o r  coup ling  (W igner o r  C le b s c h -  
G o rd an )  c o e f f ic ie n t .  T he  v e c t o r  coup ling  c o e f f ic ie n ts  a r e  r e a l  and 
(ab (31 c K ) = 0 u n le s s  + (3 and A (abc) a r e  b o th  s a t i s f i e d .
The t r i a n g le  co n d it io n  A (abc) m e a n s  th a t
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a + b ^  c >  | a  - b | .
T he  c o e f f ic ie n ts  u s e d  h e r e  have  th e  p h a s e s  defined  by  Condon and 
S hortley(C o 51). R a c a h 's  V -c o e f f ic ie n t  (Ra 4 2 , R a  42a) i s  r e l a t e d  
to  th e  v e c to r  coup ling  c o e f f ic ie n t  by
/ xC +’X
V(abc : oc p - 'i ) = __  ^ ’ (ab p | c t  ) f
(2c + 1)2
and W ig n e r 's  3 j - s y m b o l  (Wi 59) by
/ 1 \  / \b — a — 'i
a  a 3 "V=c p -V  (2c + 1 } 2 ( a b ^  p I c ) .
O th e r  a u th o r s  h a v e  u se d  a  co n fu s in g  v a r i e ty  of n o ta t io n s  w hich 
h a v e  b e e n  l i s t e d  by  E d m o n d s  (Ed 57).
C lo se d  a lg e b r a ic  e x p r e s s io n s  have  b e e n  d e r iv e d  by 
W ig n e r  (Wi 59) and R a c a h  (Ra 4 2 ,  R a  42a); f o r  (abOO \ c 0 )  th e  
a lg e b r a ic  e x p r e s s io n  is
(abOO I cO) = (- )
e+c
(2c + 1)
(a+ b-c ) I (a -b + c)  I (-a+b+c) J 
(a+b+c+1) I
e i
( e - a )  I (e -b )  1 ( e - c )  J
, a+b+c . ,
w h e re  e = — -r  = i n t e g e r , o th e rw is e  (abOO | cO) = 0.
O r th o g o n a l i ty  p r o p e r t i e s
Z ( a b < *  p |  c *  ) ( a b « c ' P ' | c y  ) = S ( « «  ')  S ( ß ß ') ,
o r
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f l  (ab<* Y - «*-1 c Y ) (ab 1 Y - ^ ' 1  c )f ) = *> ( 04 ^  1) •
.T(ab-< (3 t c Y ) ( a b ~  (3 | c 'Y  ') = S ( c c ') % ( V Y ') , 
o r
fT (ab<*- Y -<*■ | c Y ) (ab *- Y - | c 1 Y ) = S ( c c 1) .
«c
S y m m e tr y  P r o p e r t i e s
(ab <* ß I c Y ) = (ba- (2 - <*• | c - Y )
(_)a+k c j 3 c * | c Y)  = ( - )a k C (ab - <*. - ß ( c -  Y )
( - )
a - 2c+ l 
2 b + l .
(ac c* - Y I b -  (3 )
_i 
2
(cb - Y ß I a -  ^  )
S p e c ia l  v a lu e s
(aO«c 0 \ a®c ) = 1
/  \ a - * * -
(aa<<-«=c \ 00) = i l J ___ r
(2a+l)2
(abab I a+ba+b) = 1
E v a lu a t io n  of v e c to r  coup ling  c o e f f ic ie n ts
S im p le  a lg e b r a ic  e x p r e s s io n s  have  b e e n  g iven  by: 
C ondon  and S h o r t le y  (Co 51) fo r  b = j ,  1 , \  , 2 ,  and f o r  a ll  
a l low ed  v a lu e s  of a and  c .
S a ito  and  M o r i ta  (Sa 55) f o r  b = if , and a l l  a l low ed  v a lu e s  
of a  and c .
( - )
b+ (3 2c+ l
2a+ l
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F a lk o f f ,  C o llad ay  and S e l ls  (F a  52) fo r  b = 3, and a l l  a llow ed  
v a lu e s  of a  and c.
N u m e r ic a l  v a lu e s  have  b e e n  c o m p u te d  by:
S im on  (Si 54) f o r  v a lu e s  up to  and in c lu d in g  a = 4 ,  b = 9 /2  and 
c = 9 /2  (to 10 d e c im a l  p la c e s ) .
2. C o u p ling  of T h r e e  A n g u la r  M o m en ta  - R ac a h  F u n c t io n s
T h r e e  c o m m u tin g  a n g u la r  m o m e n tu m  o p e r a t o r s  a ,  b ,  d 
m a y  b e  c o m p o u n d ed  to  a  fo u r th  a n g u la r  m o m e n tu m  o p e r a to r  c in 
two w a y s ,  th a t  i s  c = (a + b) + d o r  c = a + (b + d) and th e  c o r r e s ­
ponding  e ig en fu n c t io n s  a r e  r e l a t e d  by  a u n i ta r y  t r a n s f o r m a t i o n  
y ( ( a b ) e d , c  , ^ ) = Z  < ( a b ) e , d , c  \ a , ( b d ) f , c)> V ( a ( b d ) f , c , Y ), 
w h e re  th e  a n g u la r  m o m e n tu m  cou p lin g  c o e f f ic ien t  i s  de f ined  by 
th i s  eq u a t io n  and
(a b ) e , d , c j a (b d ) f , c)> = U (abcd :ef)  ,
w h e re  U (abcd: ef) i s  th e  n o r m a l i z e d  R acah  fu n c tio n .  It can  be 
show n th a t  U (abcd :ef)  i s  in d e p en d e n t  of .
T he  fo llow ing  r e l a t i o n s  ho ld  b e tw e e n  R acah  fu n c tio n s  
and v e c t o r  coup ling  c o e f f ic ie n ts :
ZL (ab Q I e + (3 )(ed<=* + (3 If - «  - (3 | c 'i )(af«r ^ - <*-1 c 1 t  )(bd (3 -|})fy -<*
o c ß
= U (abcd :ef)  S (cc ') ;
7~ (ab ®c (3 I e°< + (3 )(ed -c + (3 ^ - *< - ß | c X )(bd Q ^ - ^  ß I f K - ^  )
I3
= (af ^  Y - ** I c H ) U (abcd :ef);
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(ab°c p | e <*. + 13 )(ed <=<+ (3 IS -<* - ß | c #  ) U (a b c d : e f )
= (bd p )(af<* X - <* | c ).
U(abcd :ef )  = 0 u n l e s s  A ( a b e ) ,  A (edc) ,  A (bdf) and A ( a f c ) h o l d .
T he  R acah  func t ion  i s  o f ten  u s e d  in  an u n n o r m a l i z e d  f o r m
given  by
_i
W (abcd :e f )  = [ (2 e  + 1) (2f + 1) ] 2 U(abcd :ef )  ;
o r  in  th e  m o r e  s y m m e t r i c a l  f o r m  of th e  6j - s y m b o l  
a b e
( - )
a+b+c+d
1
[ (2 e+ l ) (2 f+ l )  ] " 2 U(abcd:ef) ;
.d c f_
o r  in th e  r e l a t e d  coef f ic ien t
1 -1  1
Z (ab cd :e f )  = 1 a+c [ ( 2 a + l ) ( 2 b + l ) ( 2 c + l ) ( 2 d + l ) ( 2 e + l ) '  ( 2 f + l ) '  J 2
U(abcd:ef ) (ac00  | fO).
R a c a h  ( R a 4 2 a )  h a s  d e r iv e d  a g e n e r a l  f o r m u l a  f o r  the  6j - s y m b o l .
S y m m e t r y  P r o p e r t i e s  of th e  R ac a h  func t ion
T h e r e  a r e  24 ways  in  which the  s ix  a r g u m e n t s  of U(abcd :ef)  
m a y  b e  a r r a n g e d  so  a s  t o  p r e s e r v e  the  t r i a n g l e s  A (abe) A (edc),
A (bdf) and  A (afc).  T h e s e  a r e  g iven  by  
U(abcd :ef )  = U(cdab :ef)  = U(badc:ef)  = U (dcba:ef)
= U (acbd: fe)  = U(dbca: fe)  = U(cadb : fe )  -  U (bdac: fe)  ,
( - )
b+c - e - f ' (2e+ l ) (2 f+ l )  
_ (2b+ l ) (2c+ l )
U (aefd :bc)  e tc .
(2 e+ l ) (2 f+ l )  1 2 
(2 a+ l ) (2 d + l )  _
U(ebcf :ad)  e t c .(-)
a + d - e - f
S u m m a t io n  R e la t io n s  
^ ( 2 e + l ) 2  U (abba:ef)  = ( 2 f + l ) i  ,
| l ( - ) e  (2e+ l )*  U (abab :ef )  = S(fO) [ ( 2 a + l ) ( 2 b + l )  J  2 ( - ) a ' b  
^  U (abcd :ef)  U (abcd :eg)  = 8(fg),
^  ( - ) e U (abcd :ef)  U (abdc :eg)  = U(acdb : fg ) ( - )  a^+b c+d+f+g)
S p e c ia l  V a lu es
T he  n o n - v a n i s h in g  R a c a h  func t ions  with  one a r g u m e n t
z e r o  a r e :
U(abcO:cb)  = U(aOcd:ad) = U(a'oOd:da) = U(0bcd:bc)  = 1
U(ababreO) = ( - ) a + b "e [ ----- —
[ ( 2 a + l ) (2 b + l )
U(aadd:fO) = (_)a+d-f (2f+l)
( 2 a + l ) ( 2 d + l )  .
E v a lu a t io n  of R ac a h  fu n c t io n s
S im p le  a l g e b r a i c  e x p r e s s i o n s  have  b e e n  g iven  by:
J a h n  (Ja  51): U (abcd :ef )  f o r  d = 1 , 1 , 2, and a l l  a l lowed
v a lu e s  of a ,  b ,  c ,  e ,  and  f .
B i e d e n h a r n ,  B la t t  and  R o s e  (Bi 52): W (abcd :e f )  f o r  e = j ,  1 
1 ,  2, and  a l l  a l lowed  v a l u e s  of a ,  b ,  c ,  d ,  and f.
N u m e r i c a l  v a lu e s  h av e  b e e n  co m p u te d  by:
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H ow ell (Ho 58): 6j - s y m b o l ;  N = Max (a+b+e, a+c+f, b+d+f, 
c+d+e) w h e re  N ^  17; s ig n ed  s q u a r e  r o o ts  of r a t io n a l  f r a c t io n s .
S im o n , V a n d e r  S lu is  and B ie d e n h a rn  (Si 52); W (abcd:ef); 
a , 0 ( i ) l f  , b , 0 ( i ) |  , c , 0 ( i ) f  , d , 0 ( | ) f  , e , 0 ( | ) 3 ,  f , 0(1)8;
10 d e c im a l  p la c e s .
S h a rp ,  K ennedy , S e a r s  and H oyle  (Sh 53); W (abcd:ef)
Z (abcd :e f) ;  s o m e  v a lu e s  fo r  s p e c ia l  p u r p o s e s ;  s ig n ed  s q u a r e  
r o o ts  of r a t io n a l  f r a c t io n s .
3. C oupling  of F o u r  An g u la r  M o m en ta
In th e  c a s e  of t h r e e  a n g u la r  m o m e n ta ,  any t r a n s f o r m a t i o n  
b e tw een  coup ling  s c h e m e s  c a n  be  e x p r e s s e d  in  t e r m s  of a s in g le  
R ac a h  co e f f ic ien t  and a p h a s e - c h a n g e .  Som e of th e  t r a n s f o r m a t i o n s  
b e tw e e n  coup ling  s c h e m e s  f o r  fo u r  a n g u la r  m o m e n ta  c a n  be  h an d led  
w ith  th e  aid  of p h a s e - c h a n g e s , and  one o r  tw o R acah  co e f f ic ien ts .
O th e r s  d em an d  a new a n g u la r  m o m e n tu m  c o e f f ic ie n t ,  which i s  
d e f in ed  in  t e r m s  of th e  u n i t a r y  t r a n s f o r m a t i o n  b e tw e e n  two p a r t i c u l a r  
coup ling  s c h e m e s  fo r  fo u r  a n g u la r  m o m e n ta ,  n a m e ly ,
Y  ( ( a b ) e , ( c d ) f , i  V ) and Y~((ac)g, (b d )h ,i  V ) 
by th e  eq u a tio n
V’ ((a b )e , ( c d )f»i 1 ) = Z. < ( a b ) e , ( c d ) f , i  | (ac )g , (bd)f , i )  y  ( (ac )g , (bd)h ,H ) 
T he 9 j - s y m b o l  i s  w r i t t e n  in  t e r m s  of th i s  a n g u la r  m o m e n tu m  coup ling  
c o e f f ic ie n t  as
< ( a b ) e , ( c d ) f , i  I (a c )g ,  ( b d ) h , i )
~ a b e
= [ (2 e+ l) (2 f+ l) (2 g + l) (2 h + l)  ] 2 c d f
_g h i
O th e r  n o ta t io n s  have  b e e n  u s e d  f o r  th e  9 j - s y m b o l ,  s e e  fo r  e x a m p le ,
(Ja 54 , Co 53, Sc 52, F a  59). T he  a n g u la r  m o m e n ta  in  th e  ro w s
and c o lu m n s  of th e  9 j - s y m b o l  m u s t  be  su ch  th a t  th e  t r i a n g le  c o n d it io n
holds  fo r  e a c h  ro w  and co lu m n .
T h e r e  i s  a n o th e r  c o m m o n  m e th o d  of co u p lin g  fo u r  a n g u la r
m o m e n ta  w hich  i s  th e  p ro d u c t  of tw o  R ac a h  fu n c t io n s ,  th a t  i s
< ( a b ) e ,c  , h , d , i  I (bc)g , (ad)f , i )  = U (abhc:eg ) U (gaid ;hf)
= £  U (kdba:ef) U (edci:kh ) U(ci'bf:kg) 
k
(E l l io t t ,  E l  53)
R e la t io n  to  o th e r  c o e f f ic ie n ts
[ (2 e + l) (2 f+ l ) (2 g + l) ( 2 h + l) ] c d f
g h i
S(ii ' )
: Z -  (ab<< (3 I e<*+@ )(ac<* g<$>)(cd<p-«-i-<j>-ß \ f t  ß )
(bdp i - f - ß  [hl-<p )(ef«*+ß \ - * - ß  \ i \  )(gh4> \> - g  I i* v )
^  U (ab if :ek )  U (cfhb:dk) U (acih :gk) 
[ (2 e  + l ) ( 2 c  + l ) ( 2 g + l ) ( 2 k  + l ) ]  i
a b e
c d f
i
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O rth o g o n a l i ty  P r o p e r t y
' a  b e " "a b e '
L  (2g+ 1) (2h+1) c d f c d f '
SH
Cf
Q sr M* l __
__
_
_g h i _
S (e e ')  £ ( f f ')  
( 2 e + l ) (2f+l)
S y m m e tr y  P r o p e r t i e s
T h e r e  a r e  72 a r r a n g e m e n t s  w hich  le a v e  th e  9 j - s y m b o l  
u n ch an g ed  ex cep t  p o s s ib ly  in  s ig n  (Ja  54). T h e s e  c an  be  ob ta in ed  
by a c o m b in a t io n  of one o r  m o r e  of th e  o p e ra t io n s :
(1) a p e r m u ta t io n  of th e  r o w s ,
(2) a p e r m u ta t io n  of th e  c o lu m n s ,
(3) in te r c h a n g e  of ro w s  and c o lu m n s .
An odd p e r m u ta t io n  of th e  ro w s  o r  c o lu m n s  m u l t ip l ie s  th e  9j- 
sy m b o l  b y  (-)°~ , w h e r e 0“ = a+b+e+c+d+f+g+h+i, w hile  an  even  
p e r m u ta t io n  le a v e s  i t  u n ch an g ed . An in te r c h a n g e  of th e  ro w s  and 
c o lu m n s  l e a v e s  th e  9 j - s y m b o l  u n ch an g ed .
S p e c ia l  V a lu es
b
d
h
b
d
h
f 
0 
0 
0 
0 J
S(gh) S (e f) ( - )
e4-g-d-a
( 2 e + l ) ( 2 g + l )
U (cdab :eg )  .
S(ab) $ (cd) S(gh) 
[ (2 a + l ) (2 c + l ) (2 g + l) ] s
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E v a lu a t io n  of 9 j - s y m b o ls
N u m e r ic a l  v a lu e s  of 9 j - s y m b o ls  have  b e e n  c a lc u la te d  by:
H ow ell  (Ho 59): M =  Max (a+ b+ e , c+ d+ f, g+h+ i, a + c + g ,b + d + h ,e + f+ i) , 
N = Max ( a , b , e , c , d , f , g , h , i ) j M ^ 9 ,  N ^  9 /2 ; s ig n ed  s q u a r e  r o o ts  
of r a t io n a l  f r a c t i o n s .
S m ith  and S tev e n so n  (Sm 57): a  = ; b = i ,  \  , f  ;
c = i ,  1 , § ; d -  } ,  I , (  , l  ; e , f , g , h , i  i n t e g e r s  0 -7 ; d e c im a l .
S h a rp ,  K ennedy , S e a r s  and  H oyle  (Sh 53): so m e  v a lu e s  fo r  
s p e c ia l  p u r p o s e s ;  s ig n ed  s q u a r e  r o o t s  of r a t io n a l  f r a c t i o n s .
4 . C oup ling  of N J\.ngular M o m en ta
T h is  p r o c e d u r e  m a y  be  con tinued  to  12j ,  15j , . . .  s y m b o ls ,  
but t h e s e  a r e  not d i s c u s s e d  s in c e  a l l  th e  a n g u la r  m o m e n tu m  coup ling  
c o e f f ic ie n ts  w hich  h av e  b e e n  u s e d  cou ld  be r e d u c e d  to  p h a s e - c h a n g e s , 
v e c to r  c o u p lin g  c o e f f ic ie n ts ,  R acah  fu n c tio n s  and 9 j - s y m b o ls .
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A ppendix  B
ROTATION M ATRICES and SP H E R IC A L  HARMONICS
T he r o ta t io n  m a t r i c e s  (De 57, E l  58, Ro 57, Wi 59) give 
th e  t r a n s f o r m a t i o n  p r o p e r t i e s  of a n g u la r  m o m e n tu m  e ig en fu n c tio n s  
u n d e r  r o ta t io n  of c o - o r d in a te  a x e s .  Such e ig e n fu n c t io n s ,  a s s o c ia te d  
w ith  a n g u la r  m o m e n ta  a  m a , a r e  t r a n s f o r m e d  in to  new  e ig en fu n c tio n s  
w ith th e  s a m e  v a lu e  of a ,  th u s :
R(»c (3 2T ) < f ( a ,m a ,) = X  (<* (3 ?
w h e re  R( ß  ) i s  a  r o ta t io n  o p e r a to r  sp e c ify in g  th e  r o ta t io n  th ro u g h  
th e  E u l e r  a n g le s  (o c  ß  ^  ) (Ro 57) and ^  ( c* ß  ^  ) a r e  th e  e le m e n ts  
of th e  r o ta t io n  m a t r ix .  T he  ro ta t io n  m a t r ix  i s  u n i ta r y  h en ce
£ I o I Z 0 ^  V
7a -^  "a! ’
% ( 0
and
A 7 m a,( *  M  |3 « )  S i n  p  d «  d f  dtf
_ 81T2 
(2 a+ l)
S (ab) $ (m a ir^) g (m a ,n
and i t  fo llow s th a t
f(a ’ m a> = ) R ( “ <  p *  ) <p(a *m a , ) •
R e la t io n s  b e tw e e n  e le m e n ts  of th e  ro ta t io n  m a t r ix  a r e :
» D *"»«"V 1 U >
J T  C / O
% "V
=  f f a* t a " )
m cL "a
C / 0
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w h e re  R^Rg r e Pr e s e n t s  the  p ro d u c t  of tw o s u c c e s s iv e  ro ta t io n s  R-  ^
and R 2 and R~* = R(- - ß - < * . ) i f R  = R ( o t ß  y  ) . T he  p ro d u c t  of
tw o m a t r i x  e le m e n ts  (for th e  s a m e  ro ta tion) i s
JV* = 21 (abm  mK I c m  +mK)(abm  .m, , l c m  ,+m. , ) $ c^b^b' C a b |  a b /v a '  b '  / a ’ b ' J"*)*+*,b ma, + •
E x p r e s s io n s  have b e en  d e r iv e d  f o r  th e  ro ta t io n  m a t r i c e s
(Wi 59, Ro 5 7) in t e r m s  of the  t r i g o n o m e t r i c  fu n c t io n s  of th e  E u l e r
a n g le s  and  s p e c ia l  v a lu es  a r e
K o  < * p ° )
4 rr
2a+ l
üo ~ l °  P) = ( ß * ) .
K o  (o  9 0 >  = P a ( c #g f )
w h e re  P a (cos  (3 ) i s  a L e g e n d re  p o ly n o m ia l  and  Y a ^ (  p 'i ) i s  
s p h e r i c a l  h a rm o n ic  defined  f o r  n o n -n e g a t iv e  m  by
i_
m  f  2a + l  (a -m ) i
Y a m
\ m (|3 J ) = exp(im X ) ( - )m f
4TT (a + m)I  „
s in m  (3 - A
M c o s ß )1
(cos ß'
and f o r  n e g a t iv e  m  by
TT)
Y a m ( ^  ) ■ (- )  Ya - m < P *  >•
O r ,  in  th e  n o ta t io n  of Condon and S h o r t ley  (Co 51), th e y  a r e  g iven  by 
Y e  m  ^  = 7= “  © ( £ , m )  e x p ( im 0 )
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w h e r e
® ( 0 , 0 )  =J 
® (1 ,0 )  =
\
® ( l , t  1) = 
® ( 2 , 0)  = 
® ( 2 , t  1) = 
©(2 , ±2 ) =
@(3,0) =
® ( 3 , * 1 ) = 
®(3 , - 2 ) = 
® ( 3 , ^ 3 )  = 
® (4 ,0 )  = 
® ( 4 , t  1) =
® (4 ,+  2) = 
® (4 ,±  3) = 
® (4 ,+  4) =
— co s  0 
2
+ — s in  0 ; 4
I  (3 c o s 2 0 - 1) ,
O
—  co s  9 s in  9 , 
4
15 M 2 n .—  (1 - cos  9) ;
16
[I (5 c o s 2 9 - 3cos  9) ,
J 8
+ j H  (5 c o s 2 0 - 1) s in  0 ,
—^  ( - c o s 2 9 + c o s  9),
+ j (1 - c o s 2 9) s in  0 ;
( -7  c o s 4 0 + 8 c o s 2 9 - 1) , 
64
315 8+ I-----  ( - co s  0 + c o s  9) s in  9 ,
(cos4 9 - 2  c o s 2 0 + 1) .J  256
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A ppendix  C
C A LC U LA TIO N  O F MATRIX E L E M E N T S  OF IR R E D U C IB L E
TENSORS
1. I r r e d u c ib l e  T e n s o r  O p e ra to r
An i r r e d u c ib l e  t e n s o r  o p e r a to r  of ra n k  k (Ro 57 , E l  58) 
i s  de f ined  so  th a t  it  t r a n s f o r m s  u n d e r  r o ta t io n s  l ik e  th e  s p h e r i c a l  
h a r m o n ic s  of o r d e r  k . M ore p r e c i s e l y ,  an  i r r e d u c ib l e  t e n s o r  
o p e r a t o r  of r a n k  k i s  a s e t  of 2k + 1 o p e r a to r s  T  (q = -k ,  -k  + 1,
Hi
. . .  , k) w h ich  t r a n s f o r m s  u n d e r  r o ta t io n  of th e  a x es  a c c o rd in g  to
w h e re  k w il l  be  r e s t r i c t e d  to  in t e g r a l  v a lu e s  as  h a p p en s  in a l l  c a s e s  
of p h y s ic a l  i n t e r e s t .  R acah  (Ra 42a) h a s  an  e q u iv a len t  d e f in i t io n  of 
an  i r r e d u c i b l e  t e n s o r  o p e r a to r  in  t e r m s  of th e  c o m m u ta to r s  of i t s  
c o m p o n e n ts  w ith  th e  a n g u la r  m o m e n tu m  o p e r a to r .
T he  s u m  of two i r r e d u c ib le  t e n s o r  o p e r a t o r s  of r a n k  k is  
an  i r r e d u c i b l e  t e n s o r  o p e r a to r  of r a n k  k.
U
k
q
and is
th e  s c a l a r  p ro d u c t
(Uk . Vk ) = V
-q
is  a  s p e c ia l  c a s e  of a  t e n s o r  o p e r a to r  fo r
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[ u k x Vk = 2 ( k k q - q l  00) Uk V kn
% 1 q q
= 1 (Uk . Vk ) .
(2k+ l) 2
2. S ta te m e n t  of th e  W ig n e r - E c k a r t  T h e o r e m
T he  W ig n e r - E c k a r t  T h e o r e m  (Wi 59, E c  31) i s  of 
im p o r ta n c e  s in c e  it s e p a r a t e s  out the  d ep en d en ce  of th e  m a t r ix  
e l e m e n t s  of i r r e d u c ib l e  t e n s o r  o p e r a to r s  on the  m a g n e t ic  q u an tu m  
n u m b e r s .
T he  th e o r e m  s ta t e s  th a t  fo r  m a t r ix  e le m e n ts  of t e n s o r
o p e r a t o r s  b e tw e e n  a n g u la r  m o m e n tu m  e ig e n s t a t e s ,
( j m | T k )j 'm ' ) f  (jm ) Tky(j' m 1) d f
w h e re  d V in d ic a te s  an  i n te g r a l  o v e r  a l l  r e v e la n t  c o - o r d in a t e s  
th e n
( jm | T q I j 'm ' )  = ( j 'k m ’q l  j m ) < j | | T k || j ‘>  ,
w h e re  <( j |( T^II j i s  a  re d u c e d  m a t r ix  e le m e n t  o r  " a m p l i tu d e "
f a c to r  w hich  i s  in d ep en d en t of m ag n e t ic  q u an tu m  n u m b e r s .
W hen  Tq i s  a t e n s o r  p roduc t i t  i s  o f ten  p o s s ib le  to  e x p r e s s  
kth e  m a t r i x  e le m e n t  of T  in  t e r m s  of the  m a t r i x  e le m e n ts  of i t s
q
c o m p o n e n ts .
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3. T he  E v a lu a t io n  of th e  M a tr ix  E le m e n ts  of th e  S p h e r ic a l  H a rm o n ic s
a . W hen th e  W ig n e r - E c k a r t  t h e o r e m  is  u s e d  th e  m a t r ix  e le m e n ts  
of th e  s p h e r i c a l  h a r m o n ic s  a r e  (El 58)
( 0 m  I Yk I jg 'm ')  = ( ^ 'k m 'q l  0 m ) C £ | |  Yk l!jg’> S ( q . m - m 1) .
T he  le f t  s id e  of t h i s  equ a tio n  c an  be  e x p r e s s e d  in  i n t e g r a l  f o r m  
giv ing
1 K m  <9 0 > Yk m - m '  <90> Y * W  <90> s in  9 d9 d0
= ( jg 'k m 'm - m 11 £ m ) < & \\Yk )| £ ’>  ,
w h ich , b e c a u s e  of th e  o r th o g o n a l i ty  of th e  s p h e r i c a l  h a r m o n i c s ,  c an  
be  r e g a r d e d  a s  an  e x p r e s s io n  fo r  th e  e x p an s io n  c o e f f ic ie n t  of Y^ m  in
Yk m - m |Y £ 'm '  = Z  (Ä 'k m -m - m ' | £ m ) <  e\ Yk|| * ■> Y £ m  .
T h is  e x p a n s io n  c a n  be  in v e r te d  in  th e  u s u a l  w ay , y ie ld in g
< -2 II Y, I U '>  Y .  = Z  ( « ' k m ' m - m ' l c m )  Y. , Y „ , , ,  k £ m  m ’ v * ’ k m - m 1 jg’m ' ’
w hich  i s  an  id e n t i ty  in  th e  a rg u m e n ts  (00)(which a r e  o m it te d  f o r  b r e v i ty ) .  
H en ce  th e  r e d u c e d  m a t r ix  e le m e n t  c an  be  e v a lu a te d  in  th e  s p e c ia l  c a s e  
0 = 0 s in c e  th e n
Y (00)Q m
2 0 + 1 l 2
4TT S (m 0 ) ,
and so
<  & II Y, II Ü •> {£ 'kOOI £0)
(2k + 1) (2g '+  1) 
4 ft (2JZ + 1)
w hich  v a n i s h e s  u n l e s s  £'  + k is  even .
T he m a t r i x  e le m e n ts  of s p h e r i c a l  h a r m o n ic s  a r e
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( £ m  I Y, .1 Z ' m ' )  = ( I  ' k m ' m - m 11 £ m) (£ 'kOO | ß 0) I +\ )
v 1 k m - m ' l  ’ v '  v I 4/T ( 2 £ + l )  J
Y Y, . Y „ , . s in  0 d9 d0 .Z m  k m - m ’ z  'm '  y
b .  The s a m e  m e th o d  m a y  b e  u s e d  to  find the  m a t r i x  e l e m e n t s  
of th e  s p h e r i c a l  h a r m o n i c s  in  a coup led  r e p r e s e n t a t i o n  whose  b a s i c  
s t a t e s  a r e  y~(s  = j , £  jm )  .
F r o m  th e  W i g n e r - E c k a r t  T h e o r e m ,  t h e s e  m a t r i x  e l e m e n t s
a r e
( i £ j m |  Yk m _m ,( i e ' j ' m ' )  = ( j ' k m ' m - m 11 jm )  < & j|| Yk I U ' j ' >  .
To  c a l c u l a t e  the  r e d u c e d  m a t r i x  e l e m e n t ,  t h i s  equ a t io n  i s  w r i t t e n  
as  an  ex p an s io n
Yk m - m '  = 5  ( j ' k m ' m - m ' 1  jm )  < Q j l| Yfcll Ü * j*> 'Y ' ( i g j m )  ,
w h e r e  the  va lue  of & i s  f ixed  by  th e  r e s t r a i n t s  @ = j - \  and 
£ +  k + 2 '  even .  T h i s  e x p a n s io n  can  be  i n v e r t e d  to  give 
J p  ( j ' k m ' m - m 1 | jm )  Yk m _m . V~(i £ ' j  b n ' )  = < Q j 1 Yfc|| £  T >  jm )  .
The  r e d u c e d  m a t r i x  e l e m e n t  c a n  be  c a l c u l a t e d  in  th e  c a s e  9 = 0 
when
and
V ( ^ 3 m ) = 21 ( | ^ m - m  m  ( j m ) > ( l m - m  ) Y
m  sl £  m
( s £ m 0 |  jm ) X * m )  ;
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and s in c e  f o r  m  = \
( i ^ m O  I jm )
2j + 1
L 2(2 £ + 1)
the  r e d u c e d  m a t r i x  e l e m e n t  i s  g iven  by
i_
(2j '  + l ) (2k  + 1) 2 ( j ' k i O \ j i ) > ( H )  = < £ j \ I Y k t l ^ ' j ’> > ( i l )  .
4fl (2j + 1) ]
The  m a t r i x  e l e m e n t s  of s p h e r i c a l  h a r m o n i c s  in  t h i s  r e p r e s e n t a t i o n  
a r e  t h e n
( i ^ j m |  Yk m _m ,| i ^ ' j ' m 1) = ( j ' k m ' m - m ' I  jm )  (j 'k iO  I j i )
f ( 2 V 
L
4- 1) (2k + 1) 
4 IT (2j + 1)
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